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Abstract. We prove the global existence of weak solution for two dimensional Ericksen- 
Leslie system with the Leslie stress and general Ericksen stress under the physical con- 
strains on the Leslie coefficients. We also prove the local well-posedness of the Ericksen- 
Leslie system in two and three spatial dimensions. 



1. Introduction 

1.1. Ericksen-Leslie system. The hydrodynamic theory of liquid crystals was established 
by Ericksen [4, 5] and Leslie [12] in the 1960's. In this theory, the configuration of the liquid 
crystals is described by a director field n = (n , n 2 , n 3 ) £ § 2 . The general Ericksen-Leslie 
system in M 3 takes the form 

f Vt + v .Vv = -V P +iAv + yV.a, 
(EL) < V v = 0, (1.1) 
[ n x (h - 7i N - 72D • n) = 0, 

where v = (v , w 2 , v s ) is the velocity of the fluid, p is the pressure, Re is the Reynolds 
number and 7 £ (0, 1). We denote 

K=(Vv) T , D = i(K T + K), = i(K r -K), 

N = n t + v • Vn + $7 • n, 

and obviously N is vertical with the director field n. The stress a is modeled by the 
phenomenological constitutive relation 

a = a L + a E , 
where a L is the viscous (Leslie) stress defined by 

a L = Qi(nn : D)nn + c^nN + o^Nn + a^D + asnn • D + a§D • nn, (1.2) 



where the six constants a\,...a% are called the Leslie coefficients, nn : D = J2i,j nZ ^ij n3 
and nN = (n'N J ') 3 x3; <J E is the elastic (Ericksen) stress defined by 

where W = ^(n, Vn) is the Oseen-Frank density depending on the elastic constants 
ki,k2,ks, kj± with the form 

W = fci(divn) 2 + A; 2 |n x (V x n)| 2 + fc 3 |n • (V x n)| 2 + /c 4 (tr(Vn) 2 - (divn) 2 ). 

As in [6, 9], we rewrite W as 

W(n,Vn) = a|Vn| 2 +V(n,Vn), (1.4) 
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where a = min{A;i, k%, k^} and 

V(n, Vn) = (h - a)(divn) 2 + (k 2 - a)|n x (V x n)| 2 + (jfe 3 - a)|n • (V x n)| 2 . 
The molecular field h is given by 

SW 

h = -— = (ViW pr W nl ), (1.5) 

where = V^n' and we adopt the standard summation convention. Throughout this paper, 
we use the notations: 

dWin^ 9W(n,P) 

dn* ' W pI dp i. ■ 

In order to ensure that the system (EL) has a basic energy law, the Leslie coefficients 
and the two constants 71, 72 should satisfy 

«2 + «3 = a 6 - a 5 , (1-6) 

71 = "3 - 0C2, 72 = ae- «5, (1-7) 

where (1.6) is called Parodi's relation. We denote 

72 72 

Pl = (Xi-\ , p 2 = «4, P3 = "5 + «6 • 

7i 7i 
A necessary and sufficient condition which ensures that the energy of (EL) in R 2 or R 3 is 
dissipated is 

h > , 2/3 2 + /3 3 > 0, |/?2 + /?3 + A > 0, for ft 3 

h >0,/?i + 2/3 2 +/3 3 >0,A <0, or /3 2 > 0, 2/3 2 + f3 3 > 0, A > 0, for R 2 g 

which was introduced by Wang-Zhang-Zhang [22] for 1R 3 . Moreover, for (EL) in H 2 , the 
the condition is weaker and proved in Section 2 (see Remark 2.2 for details). 
Let fJ-i = ^ and ^ 2 = The third equation of (1.1) is equivalent to 

n t + v • Vn + n x ((f) • n — fiih — /i 2 D • n) x n) = 0. (1.9) 

1.2. Main results. Most of earlier works treated the approximated or simplified system of 
(1.1), since the general Ericksen-Leslie system is very complicated. Lin and Liu [15] consider 
the Ginzburg-Landau type approximation of (1.1): 

f Vt + v . V v = -Vp+^Av + ^V-a, fll()) 
I nt+V'Vn + O-n- ^An - ,u 2 D • n - ^(|n| 2 - l)n = 0, y ' J 

which is obtained by adding the penality term ^(|n| 2 — l)n in W . The global existence of 
weak solution and the local existence and uniqueness of strong solution of the system (1.10) 
were proved in [15] under certain strong constrains on the Leslie coefficients. However, 
whether the solution of (1.10) converges to that of (1.1) as e tends to zero remains open. 
A simplest system preserving the basic energy law is 

vj + v- Vv- Av + Vp= -V- (VnOVn), (1 n) 

n t + v • Vn - An = |Vn| 2 n, ^ ' ' 

which is obtained by neglecting the Leslie stress and taking the elastic constants in W as 
k± = ki = ks = 1. In two dimensional case, the global existence of weak solution has 
been independently proved by Lin, Lin and Wang [16] and Hong [8], where they construct 
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a class of weak solution with at most a finite number of singular times. The uniqueness of 
weak solution is proved by Lin- Wang [17] and Xu-Zhang [23]. Recently, Hong and Xin [9] 
extended the result of [16, 8] to the Oseen-Frank model with general Ericksen stress. In 
three dimensional case, the global existence of weak solution of (1.11) is a challenging open 
problem. In the case when |Vn| 2 n in (1.11) is replaced by p-(|n| 2 — l)n, the global existence 
and partial regularity of weak solution were studied in [13, 14]. We refer to [20, 21, 11] and 
references therein for more relevant results. 

In a recent work [22], Wang-Zhang-Zhang proved the local well-posedness of the Ericksen- 
Leslie system, and the global well-posednss for small initial data under the physical constrain 
conditions (1.6)-(1.8) on the Leslie coefficients. In [22], they considered the Ericksen stress 
with fci = &2 = &3 = 1. In this paper, we first extend their result to the case with general 
Ericksen stress, which will be used in the proof of global existence of weak solution. It's 
worth mentioning that recently Hong-Li-Xin [10] obtained the local well-posed results of 
the liquid crystal flow for the Oseen-Frank model without Leslie sress in R 3 by Ginzburg- 
Landau approximation approach. 

The first result of the paper is the local existence, uniqueness and blow-up criterion 
for strong solutions of the Ericksen-Leslie system (1.1) with the Leslie stress and general 
Ericksen stress, which generalized the results in [22] and [10]. 

Theorem 1.1. Assume that the Leslie coefficients satisfy (1.6)-(1.8). Let s > 2 be an 
integer, the initial data Vn G H 2s (R d ), v G H 2s (R d ) for d = 2 (or d = 3), and divv = 0. 
There existT > and a unique solution (v, n) of the Ericksen-Leslie system (1.1) such that 

v G C([0,T};H 2s (R d ))nL 2 (0,T;H 2s+1 {R d )), Vn G C{[0,T];H 2s (R d )). 

Let T* be the maximal existence time of the solution. If T* < +oo ; then it is necessary to 
hold that 

rT* 

/ ||Vxv(i)|| L oc + ||Vn(t)|| 2 :o cdt = +oo. 
J o 

Our second main goal is to extend Hong-Xin's global existence result of weak solution in 
2-D in [9] to the case with the Leslie stress. In the space R 2 , (v, n) in (1.1) satisfies v 3 = 0, 

/ 1 0\ 

d Xs v = and d X3 n = 0. Moreover, we assume that V • a L means 1 • (V • a L ). 

V o / 

Let b G S 2 be a constant vector and we define 

Hl(R 2 ;S 2 ) = {u:u-be i? 1 (R 2 ; R 3 ), |u| = 1 a.e. in R 2 }. 

Theorem 1.2. Assume that the Leslie coefficients satisfy (1.6)-(1.8), and the initial data 
(vo,no) G L 2 (R 2 ) x H^(R 2 ;§> 2 ) with divvo = 0. Then there exists a global weak solution 
(v, n) of the Ericksen-Leslie system (1.1), which is smooth in R 2 x ((0, +oo) \{T/}^_ 1 ) for a 
finite number of times {T{\f =1 . Moreover, there are two constants eo > and Rq > such 
that each singular point (x\,Ti) is characterized by the condition 

limsup / (|Vn| 2 + \v\ 2 )(-,t)dx > e 
tm Jb r (x\) 

for any R > with R < Rq. 

Compared with Hong-Xin's results in [9], we consider Ericksen-Leslie system (1.1) with 
the Leslie stress, for which we need to balance the interaction between the Leslie stress and 
the Oseen-Frank density W(n, Vn) (for example, see Prop 2.1, Theorem 3.2, Lemma 4.2 and 
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4.4). And we also explore an important decomposition formula for h with two nonlinear 
terms. To obtain global existence result, firstly we prove the local existence for strong 
solutions of Ericksen-Leslie system (1.1) by using Friedrich's approach and uniform energy 
estimates as in [22] , and the difficulty comes from the nonlinear terms of the molecular field 
h. We overcome it by the estimates for commutator operator and detailed analysis of h. 
For the simplified case k± = = k% (h = 2a An), it's easy to obtain a positive higher order 
dissipated energy, for example 

/ n x (h x n) • hdx > 4a 2 / |An| 2 dx + Lower Order Terms 
J~R d Jn d 

However, when k\,k2,ks are different, it's important for us to obtain the above estimates. 

In fact, for the proof of local existence in Section 3.1, we get a weaker higher order dissipated 

term ||A s j7 e h e x n^^pd), which is enough to control error terms. Moreover, for blow-up 

criterion of strong solutions in Section 3.3, we find a useful observation: 

V a W p i a -n l (1.12) 

= -2/c 2 |Vn| 2 - 2(fc 3 - fc 2 )(n ■ curln) 2 - 2(fci - /c 2 )(divn) 2 + 2(fei - fc 2 )V ; (n'divn), 

which make that the term / Rd |A s (V/(n z divn)n) • A s+1 n\dx can be written as the sum of 
commutator terms, which can be controlled, seeing (3.44). For the arguments for global 
existence of weak solutions, we obtain certain local monotonicity inequalities and interior 
regularity estimates, and we follow the basic spirit of Struwe [18], which is later developed 
by Hong-Xin in [9]. 

Remark 1.3. After we finished this paper, Professor Changyou Wang told us that they 
also obtained similar results as Theorem 1.2 in a recent joint work with Jinrui Huang and 
Fanghua Lin. Also we thank Prof. Changyou Wang for giving us some valuable suggestions 
to improve this paper, especially higher regularity estimates in Section 4, which are different 
with the arguments in [9]. 

This paper is organized as follows: In section 2, we introduce the basic energy law of the 
Ericksen-Leslie system (1.1) and the decomposition formula for h; In section 3, we prove the 
local existence, uniqueness and blow-up criterion for strong solutions of the Ericksen-Leslie 
system (1.1) with the Leslie stress and general Ericksen stress by using Friedrich's approach 
and energy estimates, where the special structure of h is frequently exploited and used. 
Section 4 is devoted to the proof of global existence of weak solutions. 

2. Basic energy-dissipation law 

In this section, we derive the basic energy law of the Ericksen-Leslie system (1.1) under 
the conditions (1.6)-(1.8) on the Leslie coefficients. We consider the solution (v, n) in H d 
with d = 2, 3. 

Proposition 2.1. Let (v, n) be a smooth solution of (1.1) with the initial values (vo,no)- 
Then it holds that 

[ eCv(;t),n(-,t))dx + f [ ( — ^— |Vv| 2 + — In x h\ 2 )dxds 
Jk<i Jo Jn d v 1 - 7 7i ' 

t 2 2 

+ / / f(«i + — )|nn : Dj 2 + (a 5 + a 6 - ^-)|D • n| 2 + a 4 (D : B))dxds 
Jo Jn d v 71 7i 1 

= / e(v ,n )dx, (2.1) 
Jn d 
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where e(v, n) is defined by 

Re 

e(v,n) = W(n, Vn) + — _ [v| 2 . 

Remark 2.2. If the Leslie coefficients satisfy the first relation of (1.8), Wang -Zhang -Zhang 
[22] proved that for any symmetric trace free 3x3 matrix D one? n£§ 2 , 

(qi + — )|nn : D| 2 + (a 5 + a 6 - ^)|D • n| 2 + a 4 (D : D) > 0. 

7i 7i 

77ms, i/ie energy is dissipated in this case. Moreover, for any symmetric trace free 3x3 
matrix D with = for i = 1,2, 3, £/ie energy is dissipated if and only if 

/3 2 >0,ft + 2ft + ft>0,ft <0, or ft > 0, 2ft + ft > 0, ft > 0, 

which is weaker than (1.8) i. 

(x y 
y —x 


ft(nn : D) 2 + ft(D : D) + ft|D • n| 2 > 0, (2.2) 
which is equivalent to that 

ft ((n 2 - n 2 )x + 2nm 2 y) 2 + (2ft + ft(n 2 + n 2 )) (x 2 + y 2 ) > 0. 
Normalize (x,y) such that x = cosa,y = sin a. Then 

ft ((n 2 - n\) cos a + 2riin 2 sin a) 2 + (2ft + ft (n 2 + n 2 ,)) > 



for all a G [0, 27r] and n = (ni,n 2 ,n3) € S 12 . 

For n G S 12 , we can set ni = tcosip,n2 = tsimp, where < t < 1, and ^ G [0,27r]. Thus 
(2.2) holds if and only if that 

ft cos 2 (2V> - a) + ft- + 2ft^ > 0, 

for all s G [0, 1], and i(),a € [0, 27r]. In other words, 

/?2>0,ft + 2ft + ft>0,ft <0, or ft>0,2ft + ft>0,ft > 0. 

Proof of Proposition 2.1. Multiplying the first equation of (1.1) by v and using the fact 
V • v = 0, we get 

-4- ( |v| 2 dx + — / |Vv| 2 dx 
2 dt jRd Re jRd 

1 -7 f Lwj 1-7 



Re 



f <r L :Vvdx+ — -/ W„ fc (n,Vn)Vin fe V,Wx, (2.3) 
jRd Re Jn d p > 
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and it follows from the definitions of a L , D, ft, and (1.6)- (1.7) that 

/ a L : Vvofe 
Jn d 

= / («i(nn : D)nn + ct 2 nN + c^Nn + a 4 D + asnn • D + a^D ■ nn) : (D + Q)dx 
Jn d 

= [ {«i(nn : D) 2 + (a 2 + a 3 )n • (D • N) + (a 5 + a 6 )|D • n| 2 + a 4 D : D 

+(«2 - a 3 )n • (ft • N) + (a 6 - a 5 )(D ■ n) ■ (ft • n)}dx 
= / ai(nn : D) 2 + (a 5 + a 6 )|D • n| 2 + a 4 D : Ddx 

+ / 7i N ■ (ft • n) + 72 (D • n) • (ft • n) + 72 n • (D • N)dx. 
Jn d 

For the last term of the above equality, recall that the vector triple product formula a x (6 x 
c) = 6(a • c) — c(a • 6). Using the equation (1.9) and the antisymmetry of ft (n • ft ■ n = 0), 
we get 



/ 71N • (ft • n) + 72 (D • n) • (ft • n) + 72 n • (D • N)dx 

JR d 

1 72 
( — n x (h x n) n x (D • n x n)) • (71ft • n + 7 2 D • n)dx 

lR d 71 71 



L 

+ / 72 (D • n) • (ft • n)da 
JR d 

[ h • ft • n + ^ / n x (h x n) • (D • n)dx - ^ / (ID • n| 2 - In • D • n\ 2 )dx. 
Jn d 71 Jn d 71 Jn d 



Thus, we have 

,,2 „,2 



-/ cr L : Vvdx = - f (ai + — )(nn : D) 2 + (a 5 + a 6 - — )|D • n| 2 + a 4 D : T>dx 

Jn d JR d 7i 71 

- / h • ft • n - — / n x (h x n) • (D • n)dx. (2.4) 
JR d 71 -/R d 



71 

On the other hand, for the functional W(n, Vn) we have 
d 



— f W(n,Vn)dx = [ W n in l t + W v idtVin l dx 

= I (W n i -ViW n i)(n l t + v -Vn 1 -v -Vn l )dx. (2.5) 

JR d Pi 

Due to V • v = 0, we get 

-/ {W nl -ViW p i)v k V k n l dx 

JR d Pi 

= -[ W nl v k V k n l -[ W pl v k Vln l dx - f W p iV iV k V k n l dx 
Jn d Jr d Pi Jn d Vi 

= - I v k - V k W - [ W,ViV k V k n l dx 
Jn d Jr d l% 

= ~ I W v iViV k V k n l dx, (2.6) 
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while by scalar triple product formula a • (b x c) = b ■ (c x a) = c • (a x b), it's easy to derive 
that 



(W n i - ViW v i) • K + v Vn l )dx 
R d i J i 

f i "T9 

= / ( - h) • ( — 0'iiH n x (h x n) n x (D • n x n))dx 

jR d 7i 7i 

= / h • n ■ ndx / |h x n\ 2 dx + — [ n x (h x n) • (D • n)dx. (2.7) 

Jn d 71 JR d 7i Jn d 

Summing up for (2.3)-(2.7), we deduce that 

— — — e — \v\ 2 + W(n, Vn)dx H — / \Vv\ 2 dx H / |h x n| 2 dx 

dt Jn d 2(1-7) 1 - 7 -/R d 7i JR d 

2 2 

= - / (ai + — )(nn : D) 2 + (a 5 + a 6 - — )|D • n| 2 + a 4 D : T>dx 

Jn d 71 7i 

Then the Proposition follows by integrating on the time. 

Now we will give a decomposition formula for h, which plays an important role in our 
proof. 

Lemma 2.3. For the terms V a W p i , W n i and h, we have the following representation: 

{V a W p iJ = 2aAn + 2(k 1 - a)Vdivn - 2(k 2 - a)curl(n x (curln x n)) 
—2(^3 — a)curl(curln • nn), 
= 2aAn + 2(k\ — a)Vdivn — 2(k 2 — a)curl(curln) 

-2(k 3 - k 2 ) curl (curln • nn) (2.8) 

(W n i) = 2(k 3 - k 2 ) (curln • n) (curln), (2.9) 

h = 2aAn + 2{k\ — a)Vdivn — 2{k 2 — a)curl(curln) 

—2(^3 — k 2 ) curl (curln • nn) — 2(k% — k 2 )(cxiY\ri ■ n)(curln) (2-10) 

Proof: The proof is direct. Note that (b x c) • (b x c) = |6| 2 |c| 2 — (b ■ c) 2 , then 

(din 1 d 2 n x d^n 1 \ / divn 

d x n 2 d 2 n 2 d 3 n 2 + 2(h - a) divn 

dm 3 d 2 n 3 d 3 n 3 J \ divn 

(0 -(din 2 — d^ 1 ) (d^n 1 - d\n 3 

(d in 2 - d-in 1 ) -(d 2 n 3 - d 3 n 2 ^ 

-(d 3 n l -d in 3 ) (d 2 n 3 -d 3 n 2 ) 

(0 — n 3 (n • curln) n 2 (n • curln) 

n 3 (n- curln) — n 1 (n • curln) 

— n 2 (n • curln) n x (n- curln) 

Then it's easy to obtain (2.8) by making V Q on both sides of the above equality. 

3. Local well-posedness, uniqueness and blow-up criterion 

Throughout this paper, we denote that C is a constant depending on d, a±, ■ ■ ■ ,czq, k±, 
^3, 7 ; Re and independent of the solution (v,n), and different from line to line. The 
symbol (•, ■) denotes the integral in H d with d = 2, 3. Moreover, V(-,--- , •) denotes the 
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polynomial depending on the variable quantities in the bracket whose order, for example, 
is less than 10. 

3.1. Existence. Firstly we use the classical Friedrich's method to construct the approx- 
imate solutions of (1.1) as in [22]. One of the main difference is that the representation 
formula of h owns three different positive coefficients k\ , k 2 and k% and h is nonlinear with 
respect to n. 

We will frequently use the following lemma for the commutator; for example see [2]. 
Lemma 3.1. For a, (3 € iV 3 , it holds that 

\\D a (fg)\\ L 2<C ]T (||/|| L =o||Z>^|| La + || & || L oo||Z>T/llL0, 

\\[D a ,f]D^g\\ L2 <cl ]T ||£>7 / || L2N | ioo + £ ||V/|| L oc||L>^|| L2 

Vl7l = M + l/3| | 7 |=M+|0|-1 

The local existence of (1.1) is split into two steps. 
Step 1. Construction of the approximated solutions. 

In order to construct an approximated system preserving the energy-dissipation law, 
Wang-Zhang-Zhang [22] introduced the following equivalent system of (1.1) 

v t + v • Vv = - Vp + £ Av + y V • (a L + a E ), 

divv = 0, (3.1) 
n t + v • Vn + n x ((SI • n - fiih. — ^ 2 D • n) x n) = 0, 



where a L = <ti(v, n) + 02(11) with 



<7i(v,n) = ft(nn : D)nn + /3 2 |n| 4 D + y |n| 2 (nD n + D nn), 

cr 2 (n) = -(-1 - /u 2 )n (n x (h x n)) + -(1 - // 2 ) (n x (h x n)) n. 

It's easy to check that the above system is just (1.1) when |n| = 1. 
Let 

where J- is usual Fourier transform and </>(£) is a smooth cut-off function with <f> = 1 in B\ 
and (f> = outside of B 2 . Let P be an operator which projects a vector field to its solenoidal 
part. We construct the approximate system of (3.1): 

+ J £ P(JeVe ■ V J e V e ) 

Ot 

= £JeAJ £ v e + • J € P (ai(J- e v e , J e ii € ) + a 2 (J e n e ) + a E (J £ n e )) , 

divv e = 0, 

+ Je (Je-Ve ■ VJ e Il e + J £ n t X ((J e fl e ■ J e n t - fnJ e h e - (l 2 JeD e ■ Je^e) X J t n e )) = 0, 

(v e ,n e )| t=0 = (JeVo, i7 e no). 
where 

Je/ig = 2oAJ e n e + 2(fci - a)VdivJ" e n e - 2(k 2 - a)curl(J" e n e x (curlj" e n e x J e n e )) 

-2(/c 3 - a)curl(J" e n e • curlJ € n € J e n e ) — 2(/c 3 — k 2 )(J t Yi t • curl l 7 e n e )(curl l 7 e n e ) 
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By Cauchy-Lipschitz theorem, we know that there exist a strictly maximal time T e and a 
unique solution (v e ,n e ) G C([0, T e ); H k (R d )) for any k > 0. It's worth to mention that the 
choosing of J e is different from that in [22]. Since h is nonlinear, we need to use the uniform 
integration of J e to overcome the difficulty from the commutator terms, for example, the 
Lie bracket \J e , f] in (3.7), which needs much regularity of the cut-off function </>. 

Step 2. Uniform energy estimates. 

We introduce the following energy functional, which is related with the formula of h, 

E s (v e ,n e ) = ||n e -n ||| 2 + — r||v e ||| 2 + / IU(n e ,Vn e )cte 

2(1-7) Jn d 

+a||A s Vn e ||| 2 + (ki - a)||A s divn e ||| 2 + (k 2 - a)\\J e n e x A s curln e ||| 2 

+ (k 3 - a)\\J e n £ • A s curln e ||| 2 + — - ||A s vj| 2 . 

2(1 - 7) 

Step 2.1. Estimates of lower order terms in E s (v e , n e ). Similar arguments hold for a L as 
in Proposition 2.1, and other terms are directly estimated. In fact, the approximate system 
has the following energy estimate: 

i I on 6 J v e l 2 + ^(n £ ,Vn £ )tfa + -^— / \VJ e v e \ 2 dx 
dt J R d 2(1-7) 1-7 J~R d 

= - f Pi\J e Ve ■ Jen e J e ii e \ 2 + p 2 \J e n e \ 4 J e T) e : J e T> e + fy\J e ii e \ 2 \J e T> e ■ J £ n e \ 2 dx 

+CV(\\n t \\ L ™, ||v e || L oc, ||Vn e || L oo)(||Vn £ ||^ 1 + ||Vv e ||| 2 ) 
< CP(||n e || L oc, ||v e || L oc, ||Vn e || L »)(||Vn e ||^ 1 + ||Vv e ||| 2 ) (3.3) 
Using (3.2) and the definition of J e h. e , we have 

^ll n e - n o|||2 = 2(<9 t n e ,n e - n ) 

< C (||v e || L 2 + ||Vv e || L 2 + ||Vn e || i2 + ||An e || L2 ) (1 + ||n e || L oo + ||Vn e || L oo) 4 ||n e - n || L2 

< C(l + ||n £ || L oc + ||Vn e || LO o) 4 £ s (v e ,n e ). (3.4) 
Step 2.2. We turn to the estimate of higher order derivatives of n e in E s (v e ,n e ). 

I|(VA*n £ ,VA*n £ ) 

= -(VA s (J f v £ • VJ e n e ),A s VJ £ n £ ) + {A s (j € n € x ((J e n t ■ J £ n £ ) x J £ n £ ) ) , A s+1 J £ n £ ) 

-fi 2 (A s (J e n e x ((J £ B e ■ J e n e ) x J £ n £ ) ), A s+1 J e n e ) 

-^{A s {j e iY e x {J £ h e x J e n e )),A s+1 J e ii e ) 
= h+I 2 + h + I A . (3.5) 



In the same way, we have 
Id 
2~dt 



i^-(divA s n e ,divA s n e ) = -(A s div(J" e v e • VJ £ n £ ), A s divJ e n e ) 



+{A s (j £ n £ x ((J t n e ■ J e n e ) x J £ n £ )), A s VdWJ t n t ) 
-fi 2 {A s (J e n e x ((J e D e • J e n e ) x J e n e ) ), A s VdivJ e n e ) 
-^(A^^n, x (J e h t x J e n e )),A s VdivJ e n e ) 
= l[+I 2 + I 3 + l' 4 . (3.6) 
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For the nonlinear term jj(J £ n e x A s curln e , J £ r\. £ x A s curln e ), since divv e = 0, (3.2) and 
Lemma 3.1 yield that 

~{J t n e x A s curln e , J £ n £ x A 6 curln e ) 

= {J e d t n e x A s curln e - J £ n £ x A s curl( l 7 e (J e v e • VJ t n t )),J e n t x A s curln e ) 
+(J e n e x A'curl^n, + J e (J e v e ■ VJ £ n e )),J e n e x A s curln e ) 

< -{J £ n £ x A s curl( J £ (J £ v e ■ VJ £ n £ )),J e n £ x A s curln e ) 
+(J £ n e x A s curl(<9 t n e + J e {J £ v £ ■ VJ £ n e )),J e n e x A s curln e ) 
+C(||Vn e || LO c||v e || LO c + ||Vv e || Loo + ||V 2 n e || LO o + ||Vn e |||oo)(l + || n e ) 5 1| Vn e 

< ([J £ ,J £ n £ x j;n e x]A s curln e , A s curl(j;v e • VJ f n £ )) 
+{J £ n £ x J e n e x A s curL7 e n e , [A s curl, J £ v £ -]V J e n e ) 
+{J £ n £ x A s curl(d t n e + J e {J £ v £ ■ VJ £ n e )),J e n e x A s curln e ) 
+CV(\\n e \\ L ™, ||Vn e ||x,oo, ||v £ ||l°o, ||Vv e || L «>, ||V 2 n e || L oo)||Vn e ||^2 S 

< ([J £ ,J £ n £ x j;n e x]A s curln e , A s curl(j;v e • VJ e n e )) 

-(J £ n £ x A s curlJ £ (J £ n £ x {{J £ £l t ■ J € n € ) x J £ n £ )),J £ n £ x A s curln e ) 
+H 2 (Jen £ x A s curlJ £ (J £ n £ x ((J e D € ■ J € n e ) x J £ n £ )),J £ n £ x A s curln e ) 
+m{J £ n £ x A s curlJ e ( l 7 e n e x (J" e h e x J £ n £ )), J £ n £ x A s curln e ) 
+C(<5)P(||n £ || L oc, ||Vn e || L oo, ||v e || L oc, ||Vv e || L <», || V 2 n e || jl.^ ) || Vn e H^a. + <5|| V J e v e ||^ a . 
= I'l + + + + 5\\VJ £ v £ \\ 2 H2s 

+C(<5)P(||n e || L oc, ||Vn e || L oc, ||v e || L oo, ||Vv e || L oc, ||V 2 n € ||L<»)||Vn e ||^2. 

where 5 > 0, to be decided later. Similarly, we can obtain 

\^-{J £ u e ■ A s curln e , J e n e ■ A s curln e ) 
2 at 

< -([J e ,J e n e J e n e -}A s curln e ,A s curl{J e Y e ■ VJ e n e )) 

-(J £ n e ■ A s cur\J £ (J £ n £ x ((J e n e ■ J e n e ) x J e ii e )),J £ n e ■ A s curln e ) 
+H 2 {J £ n £ ■ A s cviY\J £ (J £ n £ x {(J £ T> £ ■ J £ n £ ) x J e n t )),J e n t • A s curln e ) 
+tn(J £ n e • A^urlJ^n, x (J" e h e x J £ n £ )),J e n £ • A s curln e ) 

+G 1 (5)V(\\n £ \\ L ™, ||Vn e || L oo, ||v e ||z,oo, ||Vv e ||L°o, ||V 2 n e || LO c,)|jVn e || 2 7 2 S + 5\\VJ e v e \\ 2 H 2 S 

±ii» + i»i + i>» + r» + 8\\vj £ v £ f H2s 

+C(<5)'P(||n e || L oo, ||Vn e || L oo, ||v e || L oo, ||Vv e || L oo, ||V 2 n e || L oo)||Vn e ||^2 3 

Firstly, we estimate the terms of Ii, I[, I" and /(". Due to divv e = and Lemma 3.1, 
we have 

\h\ + \I[\ 

< \([VA s ,J e v e -]VJ e n e ,A s VJ e n e )\ + | ([divA s , J £ v e -]VJ £ n e , A s divJ £ n £ ) | 

< c tf (||Vv e || L oo + \\vn e \\ 2 L o C )\\vn £ \\ 2 H2s + (y||vj e v e ||^ a . 
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As to I" and J{", we have the following estimate 

[Je,f]Vj9 = / (pe{y)f{x - y)Vjg{x - y)dy - / (j) e {y)f(x)V j g{x-y)dy 

JR d JR d 

< 1/ ^j<Pe(y) y-^f{x-ry)dTg{x-y)dy\ 

JR d JO 

+1 / (f>e(y)^jf(x -y)g(x -y)dy\, 

where 4> e (x) = ^</>(f )• Hence, for 1 < p < oo, by Young inequality we get 

\\[Je,f}V j9 \\ LP < C(||V^ e (y)y|| L i||V/|| L =c + \\<j> e {y)\W ||V/|| L oo) \\g\\ LP 

< C(1 + ||V/|| L ~)|| 5 || LP (3.7) 

Applying (3.7) and Lemma 3.1 to I", we obtain 

< \([Je,Jen e x J e n e x]A s curlV jne , A^VjCurl^Ve • VJ" £ n £ ))| + <5||V J e v e ||^ 2s 
+C(<5)P(||n e || L oc, ||Vn e || L oo, ||v £ || L oo, ||Vv e || L oo, ||V 2 n e || L oo)||Vn e ||^ 2s 

< 2<5||VJ e v e ||| a . + C{5)V(\\n € \\ L ~, \\Vn e \\ L oo, ||v e || L oo, ||Vv e || L ^, ||V 2 n € |U«»)||Vii € ||| as 

Similar estimates hold for the term I"', thus we have 
W + 1^1 + 1^1 + 1^1 

< 55\\VJ e v e \\ 2 H2s + C(6)V(\\n e \\ L ~, ||Vn e || L oo, ||v e || L oo, ||Vv £ || L ~, ||V 2 n e || L ^)||Vn e ||^ 2s 

(3.8) 

Secondly, for the terms I 2 — I 2 , by the formula of J e h, Lemma 3.1 and (3.7) we have 

2al 2 + 2(fci - a)l' 2 + 2(k 2 - a)l' 2 ' + 2(k 3 - a)I 2 

< (A s (j e n e x ((J e n £ ■ J £ n £ ) x J £ n e ) ) , A s J e h e ) 

+2(k 3 - k 2 )(A s (j e n t x ((J t n e • J e n e ) x J e ii e ) ), A s ((curl t 7 £ n £ • J e n e )curlJ e n £ )) 
+C\{[A S , J e n e x J-^xJcurlcurl^n,, A s (J- £ n £ x ((J e ft e ■ J e n e ) x J e n £ )))\ 
+C\([A s ,J e n € J e n e -]curlcurlJ € n e ,A s (J e n e x ((J e Sl e • J £ n £ ) x J e n e )))| 
+C\([J e ,J e n e x J e n e x]A s curlcurln e , A s (J- £ n £ x ((J e Q e ■ J e n e ) x J e n e )))\ 
+C\([J e ,J e n e J e n e -]A s curlcurln e ,A s (J e n e x ((J e Sl e • J £ n e ) x J e n e ))}| 
+C(<5)P(||n e || L oc, ||Vn e || L oo, ||v e || L oo, ||Vv e || L oo, ||V 2 n £ ||L°°)||Vn £ ||| f2s + 6\\VJ e v e \\ 2 H2s 

< ({J e n e x (( J t A s n e ■ J e n e ) x J e ii e ) ), A s J e h e ) 

+ \([A s ,J € n e x (J € n e x (J e n e -))]ViQ e , A s ~ 1 ViJ e h e )\ 

+C(<5)P(||n e || L o , ||Vn e || L oo, ||v £ || L ~, ||Vv e || L -, \\V 2 n e \\ L ~)\\Vn e \\ 2 H2s + 25\\VJ e v e \\ 2 H2s , 

< ((J £ n £ x ((J e A s n e ■ J e ii e ) x J e n e )),A s J e h e ) 

+C(<5)P(||n e || L oc, ||Vn £ || LO c, ||v £ || L ~, ||Vv £ || L ~, \\V 2 n e \\ L ~)\\Vn e \\ 2 H 2 S + SS\\VJ e v e \\ 2 H 2 S . 

(3.9) 
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For the terms ^3, • • • ,1%', similar arguments yield that 
2al 3 + 2(ki - a)l' 3 + 2(k 2 - a)I 3 + 2(k 3 - a)I 3 
< -/x 2 ((j;n e x ((J e A s D e ■ J e n e ) x J e n e ) ) , A s J e h e ) 

+C(<S)P(||n e || L =o, ||Vn e || L oo, ||v e || L ~, ||Vv e || L ~, ||V 2 n e || L ^)||Vn £ ||^ 2s + 5\\VJ £ v e \\ 2 H 2 S . 

(3.10) 

Moreover, since using Lemma 3.1 and integration by parts, we have 
\\A s (J £ n £ x {J e h e x J e n e ))\\ L 2 {nd) 

< CP(||n e || L oc, ||Vn e || L », ||V 2 n e || L oo)(||Vn £ || J/2s + ||V 2s (J e h e x J £ n e )\\ L 2) 

< CP(||n e || L oc, ||Vn e || Loo , ||VV|| L co) 

■(||Vn e || ff2s + \\A s J e h e x J e n e \\ L 2 + || [A s , J e ii e x}J e h e \\ L 2) 

< CT(||n e || L oo, ||Vn e || LO c, ||V 2 n e || L ^)(||Vn e || f/2s + \\A s J e h e x J £ n £ \\ L 2). (3.11) 
Hence, for the terms I4, ■ ■ ■ ,1"', again using Lemma 3.1, by the formula of J~ e h e we get 

2ah + 2(fci - a)I' A + 2(k 2 - a)l'l + 2{k 3 - a)I'l' 

< -fn(A s (j e n e x {J e h e x J e n e )),A s J e h e ) 

+C(8)V(\\n £ \\ L ~, ||Vn e || L », \\V 2 n £ \\ L ~)\\Vn e \\ 2 H2s + ^A^h, x J £ n £ \\ 2 L2 

< -fii{A s J t h t x J £ n £ , A s J £ h e x J t n t ) 

-fii([A s , J £ n e x]{J £ h e x J £ n f ),A s J £ h £ ) + Vi([A s , J e n e x}J e h e , A s J e h e x J e n e ) 
+C(<5)P(||n £ || L oc, ||Vn e || L ~, \\V 2 n t \\ L ~)\\Vn e \\ 2 H 2 S + 25\\A S J e h e x J" e n e || 2 2 
= -fii(A s J e h e x J e n e , A s J e h e x J e n e ) + / 4 i + I42 

+C(<5)P(||n e || Loo ,||Vn e || L o ,||V 2 n e || L o )||Vn e || 2 f2s +2,5||A s j;h e x .7 e n e || 2 2 . (3.12) 
Obviously, I42 is bounded by 

I/42I < C(S)V{\\n e \\ L ~, ||Vn e || L oc, \\V 2 n e \\ L oo)\\Vn e \\ 2 H 2s + 5\\A s J e h e x j;n £ || 2 2 . 

(3.13) 

The term I41 is a little complicated. In fact, using the formula of J e h. e we can rewrite /41 
as 

hi < 2afi 1 (V[A s ,J t n e x](J e h e x J e n t ),VA s J t n e ) 

+2(h - ^^(divIA 5 , J e n t x](J e h e x J £ n £ ),divA s J £ n £ ) 
+2(k 2 - a)/xi(curl[A s , J £ n £ x](J £ h £ x J £ n £ ), A s (J £ n £ x (curl^n, x J t n t ))) 
+2{k 3 - a)/xi(curl[A s , J £ n £ x](J £ h £ x J £ n e ), A s (curlJ" e n e • J £ n £ J £ n £ )) 
+2{k 3 - k 2 )m([A s ,J e n e x}(J e h t x J £ n £ ), A s ((curL7 £ n £ • J £ n £ )(curlJ £ n £ ))} 

For the first term of by Lemma 3.1 and integration by parts as in (3.11), it's easy to 
derive that 

(V[A S , J £ n e x](J £ h e x J £ n £ ),VA s J £ n £ ) 

= (|A s ,VJ £ n £ x](J £ h £ x J £ n £ ), VA s J t n t ) + {[A s , J e ii e x}V(J e h t x J £ n £ ),VA s J £ n £ ) 

< CP(||n e || L oc, ||Vn e || L ~, ||V 2 n £ || L ^)(||Vn £ || 2 f2s + HV^^h, x J e n e )\\ L 2 ||Vn e || ff2s ) 

< C{5)V(\\n £ \\ L ~, ||Vn e || L ~, \\V 2 n e \\ L ~)\\Vn e \\ 2 H 2s + S\\(A s J e h e x J e n e )\\ 2 L2 
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Other terms are similar to deal with, and finally it's easy to obtain 

\hi\ < C(<5)P(||n e || L ^, ||Vn e || L oc, ||V 2 n e || L ^)||Vn e ||^ 2s + 5S\\A s J £ h £ x J £ n £ \\ 2 L2 . 

(3.14) 

It is concluded by (3.12), (3.13) and (3.14) that 

2ah + 2(fci - a)l' A + 2(k 2 - a)l'l + 2(k 3 - a)/f 

< -m(A s h e x n e ,A s h e x n € ) + C(5)V(\\n e \\ L oo, ||Vn e || L », ||V 2 n e || L ^)||Vn e ||^ 2s 
+8<5||A s t 7 e h e x J t n e \\ 2 L2 . 

(3.15) 

Thus, by (3.3), (3.4), (3.8), (3.9), (3.10) and (3.15), we get 

j t J^E s (n £ ,v e ) - ^ - (A s v e , A s v e )dx + m(A s J e h e x J e n tl A s J e h t x J £ n £ ) 

< (J e n e x ((A s J e ft e ■ J e n e ) x J e n e ) , A s J e h e ) 
-H 2 (Jen £ x ((A s J e T> € ■ J e n e ) x J e n e ) , A s J £ h £ ) 
+C(6)V (\\n e \\ L oo, ||Vn e || L oo, ||V 2 n e || L oo, ||v £ ||loo, ||Vv e || L ^)||Vn e ||^ 2s 
+306(\\VJ £ v £ \\ 2 H2s + ||A s j;h e x J e n e || 2 2 ). (3.16) 

Step 2.3. We consider the estimate of higher order derivatives for v e in E s (v e ,n e ). 

Re 



Acting the inner product 7^yA s v £ on both sides of (3.2)i, by the antisymmetry of JSl £ 



we get 



Rl d (A s v e , A s v e ) + (VA S J e v e , VA s J £ v e 



2(1 - 7 ) dt x e ' '1-7 



Re 



{A s (J e v e • VJ £ v £ ),A s J £ v e ) + {A S {W, Dk (J £ n e , J e Vn £ )ViJ £ n k £ ), A'Vj^v*) 



-(A s {^ (J £ n £ J £ n £ : J e B e )J t n t J e n e + ^l^n^^n, J" e D e • J^n, + J e T> e ■ J £ n £ J e n £ ) 

+(3 2 \J e ii e \ 4 J e U € },A s J e B e ) + fi 2 (A s (J e ii € x (J e h e x J e n e )J e n € ),A s J € V e ) 
-{A s (J £ n £ x (J e h t x J £ n £ )J £ n £ ) , A s JSl £ ) 
= Ilh + II h + II h + II h + II h. 
Then by Lemma 3.1 and div^v,, = we have 

Ilh < C||Vv e ||Loo||v £ ll^s, 

Hh < C(5)V{\\n £ \\ L °o, \\Vn £ \\ L oo)\\Vn £ \\ 2 H2s + 5\\VJ £ v £ \\ 2 H2a , 

Hh < V2(Jen e x (A s J e h e x J £ n £ ), A s J e B e ■ J £ n £ ) 

+C(5)V(\\n e \\ L ^, ||Vn e || L oo, \\V 2 n e \\ Lx )\\Vn e \\ 2 H23 + 5\\VJ £ v £ \\ 2 H2s , 

Hh < ~{Jen £ x {A s J £ h £ x J £ n £ ), A s J e tl t ■ J £ n £ ) 

+C(5)V(\\n t \\ L ^, HVn^lioo, ||V 2 n e || L ^)||Vn e ||^ 23 + 5\\VJ £ v £ \\ 2 H2s , 
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and by Remark 2.2, 



Hh < -(Pi(J e n e J e n e : A s J e T> e ) J e n e J £ n £ + (3 2 \J e n e \ 4 A s J e Y> e , A s J e T> e ) 

-^\J e n e \ 2 ((J e n e A s J f B e ■ J e n e + A s J e V f _ ■ J e n e J e n e ), A s J e D e ) 

+C(5)P{\\n e \\ L ~, ||Vn e || L ^, ||Vv e || L -)(||J e v e ||^ 23 + ||Vn e ||^ 2s ) + S\\ VJ t v t \\ 2 H2s 
< C(S)V(\\n e \\ L oo, ||Vn e || L oc, ||Vv e || L oc)(||v e ||| 2s + ||Vn e ||| 23 ) + <5||VJ" e v e ||^ 2s . 

Summing up for III\ — III5, we have 

RC d (A s v £ ,A s v e ) + ^L-(A s VJ e v e ,A s VJ e v e ) 



2(1- 7) dr e ' e/ I-7 
< fi 2 (Jen e x (A s J € h € x J £ n e ), A s J e B e ■ J e ii e ) 

-{J e n t x (A s J e h e x J e n e ), A s J e Q e ■ J e n e ) + 5<5|| V J e v e \\ 2 H 2s 
+C(<5)P(||n £ || L oo, ||Vn e || L oo, ||VV||l-, ||v e || L °c, ||Vv e || L oo)(|| Vn e ||| 2s + ||v e ||^ 2s ) 

(3.17) 

Hence, choose 5 small enough and by (3.16), (3.17) we may show that 

j t E s (v e ,n e ) + ^ ||A s VJ- e v £ ||| 2 < T(E s (v £ ,n e )), 

where T is an increasing function with .F(O) = 0. It means that there exists a T > 
depending only on E s (vq, no) such that for \/t G [0, min(T, T e )], 

E s (v e ,n e )(t) + 2(1 1 7) j\\A s VJ e v t \\ 2 L2 dT < 2£ s (v ,n ), 

which implies that T e > T by a continuous argument. Then the uniform estimates for the 
approximate solutions (v e ,n e ) on [0, T] hold, which yield that there exists a local solution 
(v, n) of (1.1) by the standard compactness arguments. Moreover, if |no| = 1, multiply n 
on both sides of (1.9) and we can obtain that |n| = 1. Hence the proof is complete. 



3.2. Uniqueness. The section is devoted to the proof of uniqueness for strong solutions of 
(1.1). 

Theorem 3.2. Assume that the Leslie coefficients satisfy (1.6)-(1.8), and the initial data 
Vn G H 2s (1R d ), v G H 2s (Wl d ) with divv = 0, where s > 2 and d = 2, 3. Then there exists 
a unique strong solution (v,n) of the Ericks en- Leslie system (1.1) in JR d x (0,T) with the 
indicated data. 

Proof: For (v , n ) with Vn G H 2s (R d ) and v G H 2s (H d ) (s > 2), we may assume that 
there exist two strong solutions (vi,ni) and (v2,n2) in ~R d x (0, T) with the initial data, 
which satisfy 

SUp (l V3n il + l V2n *l + l Vn *l + l V2v il + l Vv *l + H) ^ C - ( 3 - 18 ) 

(x,t)e(Rdx(0,T)) i=h2 
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Firstly, we estimate ||ni — n2||^2. By the equation (1.9), we have 
Id 

--(„,-„,,„,-„,) 

= (v 2 • Vn 2 - vi • Vni, ni - n 2 ) + (O2 ■ n 2 — fii • ni, ni - n 2 ) 
+/xi(ni x (hi x m) - n 2 x (h 2 x n 2 ), ni - n 2 ) 
+/x 2 (ni x (Di • ni x m) - n 2 x (D 2 • n 2 x n 2 ), ni - n 2 ) 

= Ax + A 2 + A 3 + A 4 , 

where f2j,hj,Dj represent the functions of Vj,nj for i = 1,2, respectively. For simplicity's 
sake, we denote 

Sn = ni — n 2 , <5v = vi — v 2 , 5h = hi — h 2 , 

(5D = Di - D 2 , <Jfi = fix - fi 2 , SN = Ni - N 2 . 
For the terms Ai and ^4 2 , by the assumption (3.18) and integration by parts we have 

\A ± \ + \A 2 \ < C (||V(5n||| 2 + ||(5v||| 2 + ||<5n||| 2 ) . (3.19) 

Similarly, for the term A4, it's easier to obtain 

A4 < C (||V<5n||| 2 + \\5\\\ 2 L 2 + HHlia) • (3-20) 

For the term A3, by the above assumptions and the formula of h (2.10) we have the following 
estimates 

-43 < Mi(ni x (5 h x ni),5n) + C||(5n||| 2 

< jUi(5h, Sn) - Hi((6n ■ ni)ni, Sn) + C||<5n||| 2 
= A 31 + A 3 2 + C\\5n\\ 2 L 2, 

where 

6h = 2a(A5n) + 2(fci - a)(Vdiv<5n) 

— 2(A; 2 — a)(curl(ni x (curlni x ni)) — curl(n 2 x (curln2 x n2))) 

— 2(&3 — a)(curl(curlni • nini) — curl(curln2 • n2n2)) 

— 2(^3 — A;2)((curlni • ni)(curlni) — (curln2 • n2)(curln2)). 

Hence for A31, 

A31 < — 2a/ii||V(5n||| 2 — 2^i(k\ — a)||div5n||^ 2 — 2/xi(A;2 — a)||curl<5n x ni||| 2 
-2//i(fc 3 - a)||curl<5n • ni||| 2 + C(a, //i)||<5n||| 2 + o/xi||V«5n||| 2 



< C||<5n||| 2 . 
For A32, similar arguments yield that 

A 32 <C(\ 

Then, combining the above estimates we have 

k|IHl| 2 < C (||V<5n||| 2 + ||HI| 2 + l|5v||| 2 ) 



|<5n||| 2 + 



||V5n||| 2 ) . 



(3.21) 
(3.22) 

(3.23) 
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Secondly, we need to estimate ||<5v|| L 2. Multiplying (vi — V2) on both sides of the equation 
(l.l)i and integrating we have 

Id t (<5v,<5v) + -^(V<5v,V<5v) 

= (v 2 • Vv 2 - Vl • Vvi, Sv) + ^-(4 - V5v) + - *f , V<5v) 

= A 5 + -^A 6 + A 7 , 
Re 



Obviously, 



and 



A 5 <C\\5v\\l 2 + T ^-\\V5v\\l 2 , 

A 7 < C(\\5n\\ 2 L2 + ||V5n||i 2 ) + ^L.\\V8v\\ 2 L ,. 

The estimate of Aq is difficult. First we note that, for i = 1, 2 

of = ai(njiij : Dj)njiij + a 2 njNj + a 3 Njrij + a 4 Dj + a 5 njnj • Dj + a 6 Dj • n^n,, 

and by the assumptions |Dj| + |Nj| + | (n^) t | < C in TR d x [0,T] with i = 1,2. Hence, we 
have 

Aq < -{(ai(nini : (5D)nini +a 2 ni((5N) +a 3 (<5N)ni + a 4 5D,<5D + (517) + 
(a 5 nini • 5B + a 6 5B ■ mni, <5D + 50)} + t^-||V5v||| 2 + C||5n||| 2 
= A 8 + m f _^ \\V5v\\l 2 + C\\5n\\ 2 L2 . 

Then by the same arguments as in Proposition 2.1 for (2.4) 

2 2 
A 8 < _( ai + 22)|| ni ni : 5T>\\ 2 L2 - (a 5 + a 6 - ^-)\\5D ■ ni || 2 2 - a 4 ||<5D||| 2 

7i 7i 

-(5h, 50 • m) - — (Sh x m, (<5D • m) x m) 

71 

V<5v||| 2 + C||<5n|| 2 2 . 



16(1-7) 
Hence by Remark 2.2 we have 

< -^(^ ^ • n i) " ^^R7")^ h x ni > ( 5D • ni ) x ni > + C (W Sn Wh + HV5n||| 2 ). 

(3.24) 

At last, to control the first two terms of the above inequlity, we introduce the functional 
W(ni, V(ni - n 2 )), and 

W(ni,V(ni -n 2 )) 

= o|V(ni - n 2 )| 2 + (ki - o)(div(ni - n 2 )) 2 + (k 2 - o)|ni x (V x (m - n 2 ))| 2 

+(fc 3 -a)|ni • (V x (m -n 2 ))| 2 
= a|V<5n| 2 + (ki - a)|divJn| 2 + (k 2 - a)|ni x (V x 5n)\ 2 + (k 3 - a)|ni • (V x <5n)| 2 . 
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Moreover, making the same computations as in Lemma 2.3 we get 

V a W p i a - W n i = 2aA5n + 2(fci - a)Vdiv<5n - 2(k 2 - a)curl(ni x (curWn x ni) 

— 2(ks — a)curl(curl<5n • nini) + Ag, 

where Ag is the term without c^-ni, and |-Ag| < C(|V<5n| + |<5n|). Hence 

|V tt TF pL - W nl - (hi - h 2 )| < C(|V<5n| + |<5n|). (3.25) 

Then 

d f 

— / W( ni ,V( ni -n 2 ))dx 
at Jn d 

= f W nl (n[ - n l 2 ) t + W id t Vi(n[ - n l 2 )dx + f W nl (n l 2 ) t dx 
Jn d Pi Jn d 

< (W n i - ViW v i,Sn l t + vi • Vni - v 2 • Vn 2 - (vi • Vn^ - v 2 • Vn 2 )) + C||V(5n||| 2 
= A w - (W n i - ViW ph vi • Vni - v 2 • Vn 2 > + C||V<5n||| 2 , 

while 

-(W nl - ViW p{ ), vi • Vni - v 2 • Vn 2 ) 

< I / W i V,v^V fc (ni - n 2 )cfe| + | / (W ni - ViW_,)(<5v) • Vn 2 dx| + C||V(<5n) 

JR d ^ JR d n 

" 16(1 7 - 7 ) I|WV|1 ' 2 + C ( ||,5n|| i 2 + l|5v|1 ' 2 + H Wn ll^)- 
To estimate the term A 10 , since |V 2 v| + |V 3 nj| < C for % = 1, 2, by (3.25) we have 
4io < (TF ni - ViTF„i , -<50 • ni + |Uini x (<5h x ni) + /x 2 ni x (<5D • ni x ni)) 
+C(||5n||2 2 + ||V<5n|| 2 ) 
< (<5h, <50 • ni) - ni(Sh x ni,<5h x ni) - /J, 2 (Sh x ni,<5D • ni x ni) 
■||V«5v||| 2 +C7(|| ( 5n||| 2 + ||V(5n|| 2 ). 



\h 



Thus, 



16(1-7) 

d f TTT 



— / W(ni,V(ni -n 2 ))dx 
< (<5h, (50 • ni) - /Lti(<5h x ni,(5h x ni) - /i 2 (<5h x ni,<5D • ni x ni) 

i 7 1 1 w Jf , , 1 1 2 , /-./||£„||2 i |ir„||2 , ||V7X„|2 



4(1 - 7 ) 



V<5v||| 2 + C(||<5n||| 2 + \\5v\\ 2 L 2 + ||V<5n|| 2 ). (3.26) 



Then, combine the above all estimates (3.23), (3.24) and (3.26), and noting that fi 2 = — ^ 
we obtain 

|(||<5n||| 2 + ||<5v||| 2 + W(m, V(m - n 2 ))dz) 

< C(||5n||| 2 + \\6v\\ 2 L 2 + / W(ni,V(ni -n 2 ))dx), 

which complete the proof by Gronwall's inequality. 
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3.3. Blow up criterion. In this subsection, we will prove a blow up criterion for strong 
solution (v, n) of (1.1) constructed in Section 3.1 under the assumption (1.6)-(1.8) with the 
data Vn G H 2s (lR d ) and v G if 2s (R d )(d = 2 or 3). Let T* be the maximal existence time 
of the solution. If T* < +oo, then it is necessary to hold that 

rT* 

/ ||V x v(t)||ioo + ||Vn(f)|||oodi = +oo. 
Jo 

Recall that |n| = 1, n x (An x n) = An + | Vn| 2 n, and we can obtain much precise a priori 
estimates than Section 3.1. In fact, we are aimed at the following energy estimates, 

— E s (y,n) < C(l+ ||Vn|||oo + || Vv|| L °°)£ s (v, n), (3.27) 

where 

Re f 

£ s (v,n) = ||n-n ||| 2 + — -||v|| 2 2 + / W(n,Vn)dx 

2(1-7) -'R d 



+a||A s Vn||| 2 + (fei - a)||A s divn||| 2 + (k 2 - a)\\n x A s curln|| 2 2 

Re 



+(k 3 - a)\\n ■ A s curln|| 2 2 + — ^— ||A'v||| 3 . 



Then by Logarithmic Sobolev inequality in [3] 

||Vv|| L oo < C(l + ||Vv|| L2 + ||V x v|| L oo log(3 + ||v|| H k)), 
for any k > 3, we have 

4^ s (v,n) < C(l + ||Vn|||oo + ||Vv|| L2 + ||V x v|| L oo) log(3 + E 9 (v, n))E a (v, n). 
Applying Gronwall's inequality to the above inequality, 

T-i / s^,o,„, expfc/^l+IIVvll^ + IIVnll^ + HVxvlUoo)*-) 

E s (v,n) <(3 + E s (vo,n )) V /, 

for any t G [0, T*). Hence we complete the proof if (3.27) holds. In order to obtain (3.27), 
we sketch the proof since it's similar to the arguments in Section 3.1, and we divide it into 
three steps. 

Step 1. Estimate the lower order terms. As in Proposition 2.1, the energy law holds 

— — — - — -|v| 2 + W(n, Vn)dx H — / |Vvj 2 dxH / In x h\ 2 dx 

dt Jnd 2(1 - 7) 1-7 J R d 71 Ju d 

= - f /3i|D:nn| 2 + /3 2 D:D + /3 3 |D-n| 2 dx<0. (3.28) 
Using (1.9) and (2.10), by integration by parts we have 
^ll n - n o|ll 2 = 2(d t n,n - n ) 

= — 2(v • Vno + n x ((f) • n — /iih — • n) x n), n — no) 
-2(v • V(n - n ),n - n ) 

< c(||Vno|| L2 ||v|| L2 + ||Vv|| L2 ||(n-n )|| L2 + ||Vn|| 2 2 + ||V(n - n )|| L2 ||Vn|| 2 ) 

<CE s (v,n), (3.29) 

where we have used Vn G C([0, T*); H 2s (R d )) . 
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Step 2. Estimates the higher order derivatives of n. As in Section 3.1, we have 



--(VA s n,VA s n) 

= -(VA s (v • Vn), A s Vn) + (A s (n x ((0 • n) x n)) , A s+1 n) 

-/i 2 (A s (n x ((D • n) x n)), A s+1 n) - /ii(A s (n x (h x n)), A s+1 n) 
= JJi + II 2 + Ih + Ih, (3.30) 



and 



- — (divA s n, divA s n) 

= -(A s div(v • Vn), A s divn) + (A s (n x {(Q • n) x n)), A s Vdivn) 

-/x 2 (A s (nx ((D-n) x n)), A s Vdivn) - ^i(A s (n x (h x n)), A s Vdivn) 
= II[ + II' 2 + II' 3 + (3.31) 



Moreover, (n x A s curln, n x A s curln) = (A s curln, A s curln) — (n • A s curln, n • A s curln) , 

and 



- — (A s curln, A s curln) 

= -(curlA s (v • Vn), A s curln) - (A s (n x ((Q ■ n) x n)), A s curlcurln) 
+/i 2 (A s (n x ((D • n) x n)), A s curlcurln) + ^ii(A s (n x (h x n)), A s curlcurln) 
= + ll'i + Il'l + III (3-32) 



On the other hand, 



- — (n • A 6 curln, n • A s curln) 

_■ (XL 

= (d t n ■ A s curln + n • A s curl<9 t n, n • A s curln) 

= — ((v ■ Vn) • A s curln + n • A s curl(v • Vn), n • A s curln) 

+ ((d t n + v • Vn) • A s curln + n • A s curl(<9 t n + v • Vn), n • A s curln) 
= (n • (v • V)(A s curln) - n • A s curl(v • Vn), n • A s curln) 

+ (A s (d t n + v • Vn), curl ((n • A s curln)n)) 

+ ((d t n + v • Vn) • A s curln, n • A s curln) 
= -([A s curl, v] Vn, (n • A s curln)n) + {A s (d t n + v • Vn), A s curl((n • curln)n)) 

+ (A s (d t n + v • Vn), curl ((n • A s curln)n) - A s curl((n • curln)n)) 

+((d t n + v • Vn) • A s curln, n • A s curln) 
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which is equal to 

= -([A s curl, v-]Vn,n • A s curlnn) - (A s (n x ((SI • n) x n)) , A s curl(curln • nn)) 
+fi 2 (A s (n x ((D • n) x n)) , A s curl(curln • nn)} 
+^i(A s (n x (h x n)), A s curl(curln • nn)) 

+ (A s (dtn + v • Vn), (n • A s curln)curln — A s ((n • curln)curln)) 
+ (A s (d t n + v • Vn), n x VA s (n • curln) - n x V(n • A s curln)) 
+ (A s (d t n + v • Vn), A s (n x V(n • curln)) - n x VA s (n • curln)) 
+ ((dtn + v • Vn) • A s curln, n • A s curln) 
= III' + + H3 + I IT + H5 + H'e + H7 + 11%, (3-33) 
where we have used the following relation, for a function / and a vector field u, 

curl(/u) = /curl(u) + V/ x u. 
Applying Lemma 3.1, we have 

|7/i| + |7Jl| + |7Jl , | + 

< C*(||Vv|| ff 2 S ||Vn|| L oc + ||Vv|| L »||Vn|| H 2 S )||Vn|| H2s 

< C s {\\V-v\\ L oo + ||Vn|||oc)||Vn||^ 2s + <y||Vv e ||^., (3.34) 

where 5 > 0, to be decided later. 

For the terms 77 2 , • • • , 772", we wm use the following Gagliardo-Sobolev inequality on H d 
(for example, see [1]). Let a € N and a > 2s - 1, then for 1 < j < [§], [§ ] + 1 < k < a 
and / G H a+1 (R d ) we have 

j 1 j fc-d/2 1 fc-d/2 

llvviUcc < ciiv/iiI^ii/ii^^ 75 , ||v*/IU» < q|v/||£™||/|| L ^ +1 - d/2 

(3.35) 

Hence, for a > 2s — 1 with s > 2, the following inequalities hold 

||V Q+1 n|| i2 ||Vn|| L oc + ||V Q n|| L 2||V 2 n|| LO o + || V a n|| L 2 1| Vnf Loo < C||Vn|| H «+i, 
(||V 2 n|| Loo + ||Vn||ico)||V a n|| L 2 < C\\ Vn|| L oo ||V a+1 n|| L 2. (3.36) 

by Lemma 3.1, (2.10) and the above inequalities (3.36) we have 



r 2 " 

,s-l, 



2o77 2 + 2(fci - a)Il' 2 + 2{k 2 - a)II 2 + 2(k 3 - £: 2 )77 2 ' 

< (nx ((A s n-n) x n),A s h) + |(V[A s ,n x (n x (n-))]fi, A a_1 Vh)| 
+C|(A s (nx ((fi-n) x n)), A s (curln • ncurln)}| 

< (nx ((A s n-n) x n),A s h) 

+C(||V 2s v|| L 2||V 2 n|| L o + ||V 2s v|U 2 ||Vn|||oo + || V 2s+1 v|| L 2 1| Vn|| L ~) || Vn\\ H 2 S 
+C(||V 2s+1 v|| L 2 + ||V 2s n|| L2 ||Vv|| L ^)||Vn|| H 2 S ||Vn|| L ^ 

< (n x {(A s n • n) x n) , A s h) + C 5 (||Vv|| Loo + || Vn|| 2 „) (|| Vn\\ 2 H2s + ||v||^.) 
+5(||Vv|| 2 , 2s + ||A s+1 n|| 2 2 ). (3.37) 
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Similar arguments hold for the terms I/3, • • • , II3, 

2aII 3 + 2(ki - 0)1/3 + 2{k 2 - 0)1/3 + 2(fc 3 - k 2 )Il' 3 " 

< -fi 2 {n x ((A S D • n) x n) , A s h) + C 5 (||Vv|| L oo + || Vn||| (|| Vn||^ 2s + ||v||^.) 
+<5(||Vv|| 2 f2s + ||A s+1 n|| 2 2 ). (3.38) 

For the term II'", by Lemma 3.1, (1.9) and Gagliardo-Sobolev inequality (3.36), we have 

< C(||A s Vv|| L2 + ||A s n|| L2 ||Vv|| L oo + ||A s n|| L2 (||Vn|| 2 oo + ||V 2 n|| L oo) + ||A s h x n|| L2 ) 
■(IIA'nll^UVnllioo + ||Vn|| L oc||A s Vn|| i2 + || A s n|| L2 ||V 2 n|| L oo) 

< C(||Vn||ioo + ||Vv|| ioo )||A s Vn||| 2 + o(||A*Vv|| L2 + || A s+1 n|| L2 ) 2 , (3.39) 

and similar arguments hold for IIq — 11$ ■ 
For the terms II4 — II'" , we have 

2o// 4 + 2(fci - a)Il' 4 + 2(fc 2 - a)Il'l + 2(fc 3 - k 2 )Il'l' 
= - ft (A s (nx(hxn)),A s (V a %,)) 

= - m (A s (n x ((h - V a W pk J x n) , A s {V a W pl J) 

- m (A s (n x (V a W pk x n) , A s (V a W pl J) 
= // 4 i+//42- (3.40) 

Clearly, 

//41 < Ci(||Vn||ico + l)||A s Vn||| 2 + ,5||A s+1 n|| 2 2 , (3.41) 

and 

//42 = -W(A S (n x (V a W pla x n)) , A s (2oAn)) 

-fii(A s (n x {(V a W p i a - 2oAn) x n)) , A s {V a W p i a - 2oAn)} 
-2am (A s (n x (An x n)) , A s (V a W p i a - 2oAn)) 

= Z/43 + //44 + //45- (3.42) 

Note that V x (V x n) = V(divn) — An, and direct calculation shows that 



V a W p i a ■ n l (3.43) 
= -2fc 2 |Vn| 2 - 2(k 3 - k 2 ){n • curln) 2 - 2(h - fc 2 )(divn) 2 + 2(h - fc 2 )Vj(n'divn). 
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Thus, by (2.8), Lemma 3.1 and (3.36) we infer that 

/7 43 = -2a^(A s V a W pla ,A s+1 n) + 2a^(A s ((V a W pla V)n),A s+1 n) 
= -4aVi (A s+1 n, A s+1 n) - 4a(ki - a)m (VAMivn, VAMivn) 

-4a(fc 2 - a)^i(VA s curln, VA s curln) 

-4a(fc 3 - k 2 )ni(ViA s (n ■ curln),n • V«A s curln) 

-4a(/c 3 - fc 2 )^i([V/A s ,n](n • curln), V;A s curln) 

+2a f i 1 {A s ((V a W pla V)n),A s+1 n) 
< -4aVi(A s+1 n, A s+1 n) - 4a(h - a) W (VAMivn, VA'divn) 

-4a(fc 2 - a)^i(VA s curln, VA s curln) 

-4a(/c 3 - k 2 )m(n ■ V;A S (curln), n • V;A s curln) 

+C (5 (||Vn||| 00 + l)||A s Vn||| 2 +25||A s + 1 n||| 2 , 

where for the last term of the second equality we have used (3.43) and the following obser- 
vation: 

(A s (V ; (n'divn) ■n k ),A s+1 n k ) 

= (A s V,(n'divn),n fe A s+ V) + ([A s , n k ]Vi{n l diwn), A s+ V) 
= (A s V[(n l divn),A s (n k An k )) - (A s V/(n z divn), [A s , n k ] An k ) 

+ ([A S , n k ]Vi(n l divn), A s+1 n k ), (3.44) 

which follows from Lemma 3.1, (3.36) and n k An k = — |Vn| 2 that 

(A s (VK^divn) -n k ),A s+1 n k ) < C*(||Vn||£oo + l)||A s Vn||| 2 + 5\\A s+1 -n\\ 2 L2 . 
Due to a = min{/ci, k 2 ,ks} and k 2 — a > k 2 — fc 3 when k 2 > fc 3 , thus we have 

II43 < -4aVi(A s+1 n, A s+1 n) + C s (\\Vn\\ 2 Loo + l)||A s Vn||| 2 + 25\\A s+l n\\ 2 L2 . (3.45) 
Similarly, we may obtain that 

II 44 < -m(n x A s (V a W p i a - 2aAn),n x A s (V a W p k - 2aAn)) 

+C 5 (||Vn||| 0O + l)||A s Vn||| 2 + 5||A s + 1 n||| 2 , (3.46) 

and 

H45 < -4a(fei - a) / ui(VA s divn, VAMivn) - 4a(/c 2 - a)^i(VA s curln, VA s curln) 
-4a (£3 - k 2 )fii(n ■ ViA s (curln), n • V;A s curln) 

+C <5 (||Vn||l 00 + l)||A s Vn||| 2 + <5|| A s+1 n||| 2 
< C^UVnllloo + l)||A s Vn||| 2 +,5||A s + 1 n||| 2 . (3.47) 

Step 3. Estimates of higher order derivatives of v. Obviously we only need to consider 
the terms II I 2 — III5. Especially, Lemma 3.1 and (3.36) yield that 

III 2 < C 5 (l + ||Vn||| 0O )||Vn||^ 2s +(5||Vv||^ 2s , (3.48) 
Hh < M2(n x (A s h x n), A S D • n) + C s (l + l|Vn||| 00 )||Vn||^ 2s + <5||Vv||^ 2s , (3.49) 
Ilh < -(nx (A s h x n),A s ft-n) + C s (l + ||Vn||| 00 )||Vn||^ 2s +5||Vv||^ 2s . (3.50) 
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Now we estimate one term of III3. Since Lemma 3.1 and (3.36) imply that 
KVj[A s ,n J 'n-]Vv,A a v)| 

< C(||V 2 n|| L oo||V 2s v|| L 2 + ||Vv||Loo||Vn|| ff 2 S + ||Vn|| L oo||Vv|| H2s )||v|| H2s , 
while for the first term, by the inequality (3.35) we get 

1- 



|V 2 n|| L oo||V 2s v|| L2 < C(||Vn|| L oo||V 2s+1 v|| i2 f 2s "l (|| Vv|| Loo || V 2s+1 n|| L2 ) 2 ^ 
< C(|| Vn|| L oo || V 2s+1 v|| L2 + || Vv|| L oc (I V 2s+1 n|| L2 ) 

Hence we have 

|(V i [A s ,n-'n-]Vv,A s v)| 

< C 5 (||Vv|| L oo + ||Vn||| 00 )(||v|| 2 f2s + \\Vn\\ 2 H2s ) + <5||Vv||^,. 
Consequently, it's not difficult to obtain the estimates of III3, 

Hh < C 5 (||Vv|| L oo + ||Vn||| 00 )(||v|| 2 f2s + HVnll^) + 5||Vv|| 2 f2s . (3.51) 
At last, by choosing 5 sufficiently small, it is concluded from (3.28)-(3.51) that 

j t E s (v,n) < C(l + ||Vn|||oc + \\Vv\\ L <>°)E a (v,n). 
Hence the proof is complete. 

4. GLOBAL EXISTENCE OF WEAK SOLUTION 

In this section, we prove global existence of weak solutions of (1.1) in R 2 . Firstly we 
derive higher regularity estimates and local monotonicity inequality under the condition 
that local energy is uniformly small, where we follow the basic spirit of Struwe [18] which 
is later developed by Hong-Xin in [9]. Finally, we conclude the global existence by local 
existence in Section 3 and a priori estimates in this section. 

For two constants r and T with < r < T, we denote 

V(t,T) : = {n : R 2 x [r, T] —?■ S 2 \ n is measurable and satisfies 

esssup T < t < T J R2 \ Vn(-,t)\ 2 dx + J? J R2 |V 2 n| 2 + \d t n\ 2 dxdt < 00}, 

and 

H(t,T) : = {v : H 2 x [r, T] — > H 2 | v is measurable and satisfies 
esssup r < t < T J R2 \v(-,t)\ 2 dx + j K 2 \Vv\ 2 dxdt < 00}. 

4.1. A priori regularity estimates. The following technical lemma could be found in 
[18]- 

Lemma 4.1. There are constants C and Rq such that for any u G V(0,T) and any R € 
(0, Rq], we have 

/ \Vu\ 4 dxdt < Cesssup 0<t<T:reR2 / |Vit(-, t)\ 2 dx 

JR 2 x[0,T] ~ ~ ' JB R (x) 

■([ \V 2 u\ 2 + R- 2 f \Vu\ 2 dxdt). 

JR 2 x[0,T] JR 2 x[0,T] 

(4.1) 
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By the same proof as in [18], we can get that there exists a constant C\ such that for any 
/ G H(Q, T) and any R > 0, it holds that 

/ \f\ 4 dxdt < Ciesssup 0<t<T gR2 / \f(-,t)\ 2 dx 

iR 2 x[0,T] " " JB R (x) 

■([ \Vf\ 2 dxdt + R- 2 f \f\ 2 dxdt). (4.2) 

JK 2 x{0,T] JR 2 x[0,T] 

Lemma 4.2. Assume that the Leslie coefficients satisfy (1.6)- (1.8). Let (v, n) € H(0,T) x 
V(0,T) be a solution of (1.1) with initial values vo € L 2 and no 6 i?^. T/ien 3 ei > and 
i?o > swc/i that if 

esssup 0<t<T eR2 / |v(-,t)| 2 + |Vn(-,t)| 2 dx < e u VR G (0,R ], 

JB r (x) 

/ \V 2 n\ 2 + \Vv\ 2 dxdt <C(l + TR- 2 ) [ e(v ,n )dx, (4.3) 

Ji? 2 x[0,T] JR 2 

/ |Vn| 4 + Wfdxdt < Cei(l + TR~ 2 ) ( e(v , n )dx, (4.4) 

■/i? 2 x[0,T] ' ~~ JR 2 

w/iere e(vo,no) denotes W(d.q, Vno) + 2 (i^ 7 ) l v o| 2 - 
Proof: Since 

4 / W(n, Vn)dx = / (W ni - ViW_j) • n\dx = - [ h • n t dx, 

dt JR2 JR2 fi J R 2 

multiplying (1.9) with h, using (2.6) and the definition of h we get 
-f- / W(n, Vn)dx + m [ (n x (h x n)) • hdx 

dt JR2 JR2 

= / h • (Q ■ n)dx — Hi I (D • n) ■ (n x (h x n))dx + / ((v ■ V)n) • hdx 
Jn 2 Jn 2 Jk 2 

= f h • (ft • n)dx - ix 2 ( (D • n) • (n x (h x n))dx - [ Wj s V i n k V i v i dx, (4.5) 
Jr 2 Jn 2 Jn 2 p j 

where \i\ = ^ and ^2 = On the other hand, (1.1)3 implies N = 7 7 nx ((h— 72D-n) xn), 

hence by (2.4) and Remark 2.2, we have 

-1— / \Vv\ 2 dxdt 
1-7 JR 2 x[0,T] 

< / W nk V i n k V j v i dxdt + —^ [ \v \ 2 dx 
Jn 2 x[o,T] p i 2Re Jn 2 

2 2 

- / ((ai + — )(nn : D) 2 + (a 5 + a 6 - — )|D • n| 2 + a 4 D : D)dxtfe 

Jn 2 x[0,T] 71 7i ' 

- / h • (17 • n)dxdt + fi2 / (D • n) • (n x (h x n))dxdt 

Jn 2 x [0,T] JR 2 x [0,T] 

< / W„ fc Vin fe VV(ixdt + — ^ / |v | 2 dx 
iR 2 x[o,T] v i 2i?e 7r2 

- / h ■ (n ■ n)dxdt + H2 I (D • n) • (n x (h x n))dxdt (4.6) 

JR 2 x [0,T] JR 2 x [0,T] 
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Consequently, it follows from (4.5) and (4.6) that 

m [ (nx(hxn))-yi(if + — / | Vv\ 2 dx < E(v , n ). (4.7) 

JR 2 x[0,T] l-7^R 2 x[0,T] 

Now we will estimate the term Jfi 2 x[0T]( n x (h x n)) • hdxdt. Due to (W n i) = 2(fc 3 — 
k 2 ){cxa\n • n)(curln) and |n| = 1, we get 

(n x (h x n)) • h = (n x (V a W p i a x n)) • h - (n x (W n i x n)) • h 
= n x (V a W p i a x n) • h - (W n i - W n i • nn) • h 
= n x (V a W p i a x n) • h - 2(/c 3 - /c 2 )(curln • n)(curln • h) 
+2(k 3 - fc 2 )(curln • n) 2 n • h. 

By Lemma 2.3 and integrating by parts we have the following estimates: 

/ An • (V a W n i - 2aAn)dxdt 

Jk 2 x[o,t] Pa 

> 2 / {(fci - a)|Vdivn| 2 + (k 2 - a)|V(curln x n)| 2 + (k 3 - a)|V(curln • n)\ 2 }dxdt 

iR 2 x[0,T] 

-C f |Vn| 2 (|V 2 n| + \Vn\ 2 )dxdt 

Jk 2 x[o,t] 

Using Lemma 2.3 again, n • An = — |Vn| 2 and the above estimates, we derived 

/ (n x (h x n)) • hdxdt 

JR 2 x [0,T] 

> [ (n x (V a W v i x n))V a W D i dxdt -C [ |Vn| 2 (|V 2 n| + \Vn\ 2 )dxdt 

Jr 2 x[0,T] Pa Pa Jn 2 x[0,T] 

>2a [ V a W n i ■ Andxdt + 2a [ An (V Q W„; - 2aAn)dxdt 

iR 2 x[0,T] Pa Jb. 2 x[0,T] Pa 

+ ( (n x ((V a W v i - 2aAn) x n)) • (V a W v i - 2aAn)dxdt 

JR 2 x[0,T] 

-C I |Vn| 2 (|V 2 n| + \Vxi\ 2 )dxdt 

JR 2 x [0,T] 

> 4a / {a|An| 2 + 2(k 1 - a)|Vdivn| 2 + 2{k 2 - a)|V(curln x n)| 2 

iR 2 x[0,T] 

+2(k 3 - a)|V(curln • n)\ 2 }dxdt - C [ |Vn| 2 (|V 2 n| + \Vn\ 2 )dxdt 

JR 2 x[0,Tl 



(4.8) 



where we have used the following relationship 

/ (n x ((V a W„i - 2oAn) x n)) • (V a W„i - 2aAn)dxdt 

Jr 2 x[o,t] U Pa ' " V Pa ' 

= I \(V a W n i - 2aAn) x n)\ 2 dxdt > 0. 

•/r 2 x[0,T]' Pa ' 71 
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Hence by (4.7) and (4.8), we have 

am / {a|An| 2 + (fei - a)|Vdivn| 2 + (k 2 - a)|V(curln x n)\ 2 }dxdt 

JR 2 x[0,T] 

+ / (ks — a)|V(curln • n)\ 2 dxdt H — / \Vv\ 2 dxdt 

JR 2 x[0,T] l-7iR 2 x[0,T] 

<C [ |Vn| 4 dxdi + £(v ,n ). (4.9) 

JR 2 x [0,T] 

Applying Lemma 4.1 and (4.2), we show that 

/ |Vn| 4 + \v\ 4 dxdt 

Jn 2 x [o,t] 

< Cei / |V 2 n| 2 + \Vv\ 2 dxdt + Ce x R~ 2 I |Vn| 2 + \v\ 2 dxdt. 

Jn 2 x [0,T] JR 2 x [0,T] 

Then (4.3) and (4.4) follows from the above two estimates. Thus the lemma is complete. 
The following lemma is a local monotonicity inequality for strong solution (v, n). 

Lemma 4.3. Assume that the Leslie coefficients satisfy (1.6)-(1.8). Let (v, n) be a solution 
of (1.1) with initial values (vo,no) with no G V(0,T) and vo G H(0,T). Assume that there 
exists t\ > and Rq > 0, stic/i that 

esssup x6E 2 0<t<T / |Vn| 2 + |v| 2 cte < e x . 

" " JBr q {x) 
Then for all s G [0, T], xq G H 2 , and i? < Rq, 

( e(y,n)(-,s)dx H — / / \Vv\ 2 dxdt+—[ [ \nxh\ 2 dxdt 

JB R (x ) 1 - 7 JO JBr^o) 27i Jo ^Bh(xo) 

</ e(v ,n )o!x + C2 — (1 + -2) 1/2 / e(v ,n )dx, 

Jb 2R (x ) R R Jn 2 

where C2 is a uniform constant. 



Proof: Let <f> G Cq°(B2r(xo)) be a cut-off function with <f> = 1 on Br{xq) and |V</>| < ^, 
|V 2 0| < ^ for some R < R . 

Multiply (l.l)i by 2 v, and integrate by parts 

li. / | v |2^2 dx + f | Vv j2^ x 

2dtJ R 2 l 1 Y Re 7 R 2 1 1 ^ 

= / ([v| 2 + 2p)<fm l Vi<f>dx + — I |v| 2 (|V0| 2 + fiA^dx (4.10) 
JR 2 Re 7r2 

+ ^-FT L I W^in^jV 1 ^ 2 + W_ kVin^Vj^dx - ^-p- [ a L : V(v<p 2 )dx, 
Re Jr2 p j p 3 Re J R 2 
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while similar to (4.6), we get 

- / a L : V(v(f) 2 )dx + / v a L ■ Vcfdx 
Jr 2 jr 2 

2 2 

< _ f (( ai + ll )( nn . D )2 + ( Q5 + ag _ 22 )| D . „|2 + ^ . 

JR 2 7i 7i 

- / h • (fi • n)dx + /j, 2 / (D • n) • (n x (h x n))</> 2 ote 

JR 2 JR 2 

< - / h • (0 • n)dx + // 2 / (D • n) • (n x (h x n))0 2 cte 

Jr 2 JR 2 



2 dx 



Recall that 

d_ 

dt 



[ W(n,Vn)0 2 dx = f 2 h-(v Vn-nt-v Vn)cix - / W r , k d t n k V j( j) 2 dx, 
JR 2 JR 2 Jr 2 V i 

and as (2.6), we can obtain 

/ ^h-(vVHx= / (Wv - Vet) 2 - 2 W n kV jV l Vin k -W nk v l Vin k Vj(0 2 ))dx. 
Jr 2 jr 2 p i y i 

Moreover, using (1.9) 

- / (f> 2 h • (n t + v ■ Vn)dx 

JR 2 

= — — [ n x ((h - 72D • n) x n) • hcf) 2 dx + [ 4> 2 h ■ ft ■ ndx. 
7i JR 2 JR 2 



Then the above estimates together yield that 

id r 2 2 d r Vn)(f) 2 d 

2 dt Jr 2 1 - 7 ^R 2 

7 ^ iVvjVcfe + — ( |nxh|V 



1 - 7 JR 2 7i -/r 2 

<T^/ <A(|v| 2 + 2H)|v||V0|^ + -^- / |v| 2 (|V0| 2 + 0|A<£|)ete 
1-7 JR 2 1~7 JR 2 

- / v • ct l • V<j) 2 dx + / VFv-V0 2 dx- / W n ud t n k V^ 2 dx 

JR 2 J-R 2 JR 2 P i 

= B l + B 2 + B 3 + B A + B 5 . (4.11) 
Now, we estimate the following term 

B 3 = - ( v o L ■ V(j) 2 dx 
Jr 2 



= — vV^> 2 : («i(nn : D)nn + Q4D + asnn • D + cxq~D ■ nn)dx 
JR 2 

-a 2 I (v • n)(N • V(f) 2 )dx - a 3 [ (v ■ N)(n ■ V<j) 2 )dx 

JR 2 JR? 

< cf \v\\Vv\<j)\V(j)\dx -Q 2 / (v-n)(N- V(f> 2 )dx-a 3 [ (v • N)(n • V<p 2 )da 
Jr 2 Jr 2 Jr 2 
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Using (1.9) again, 

a 2 I (v ■ n)(N • V<p 2 )dx + a 3 [ (v • N)(n • V<f> 2 )dx 

Jr 2 Jr 2 

= Hi [«3((n • V)</> 2 )v + a 2 (v • n)V0 2 ] • (n x (h x n))dx 
Jr 2 

+A*2 / M(n • V)^ 2 )v + a 2 (v • n)V0 2 ] • (n x ((D • n) x n))da 

JR 2 

<C [ |v|0|V0||n x h\dx + C [ |v|^|V^||Vv|dar. 

JR 2 JR 2 



Thus we have 



tJ ^^|v|V + W(n,Vn)^x + — ^— / | Vv| 2 <j> 2 dx + -L [ \nxh\ 2 <fdx 
dt J n 2 2(1 - 7) 4(1 - 7) J R 2 471 J R 2 

<C(B 1 + B 2 ) + \B A \ + \B 5 \. 
Obviously, 

/ \B 2 \dt < C-^ [ e(v ,no)dx. 
Jo R z JR2 

For the terms -B4 and -B5, by the equation of n, (4.4) and Proposition 2.1, we have 

riB 4 |+iB 5 |£ft 

JO 

< C [ (|Vn| 2 |v| + |Vn||Vv| + |Vn||n x h\) <p\V <p\dxdt 

a 2 x(o,s) 

< — — — - / \Vv\ 2 4> 2 dxdt+ -J- f In x h\ 2 (f> 2 dxdt 
4(1 - 7) Jr 2 x(0,s) 47i JR2 X (0, S ) 

1/2 

+ C Jp J e ( v o> n o)dx + Ce{ /2S —(1 + -I2) 1 / 2 ^ e(v , n )dx 
Finally, for the first term of Bi, by (4.2) it's easy to obtain 

/ |v| 2 |v||0||V0|d^t < (f / Wfdxdt) 1 ' 2 ■ ( f / ^f) 1 / 2 

JR 2 x(0,s) JO JR 2 JO JR 2 it 2 



1/2 

< CeJ /2 ^ r (l + J ^) 1 /2 ^ e ( VO) „ o) ^ 



R 2 



for R < Rq. Meanwhile, 

/ \p\\v\\cf>\\Vcf>\dxdt<([ S I \p\ 2 dxdt) l l 2 .{( S [ ^dxdt) 1 ! 2 . 

iR 2 x(0,s) J JR 2 j JR 2 R A 



<(0,s) 

We note that 



Ap = • (V • (<t £ + a L )) - didj(vV). 

Re 



By Calderon-Zygmund estimates, (4.3), (4.4) and Proposition 2.1, we have 

\p\ 2 dxdt < f [ |Vn| 4 + |v| 4 + |Vv| 2 + \V 2 n\ 2 dxdt 
lO JR 2 JO Jr 2 



< C(l + J^ 2 e(v ,n )d2 



Ix. 

R^ Jr? - - - 

Hence the lemma is true. 
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Next lemma is devoted to promote the regularity of the solution (v, n). 

Lemma 4.4. Assume that the Leslie coefficients satisfy (1.6)-(1.8). Let (v, n) be a solution 
of (1.1) with the initial value (vo, no) € L? xH^H 2 , S 2 ) and divvo = 0. There are constants 
e\ and Rq > such that 

esssupo< t < T , 6R 2 / |Vn(-,t)| 2 + \v\ 2 (-,t)dx < ei, Vi? £ (0, Rq\. 

JB r (x) 

Then, for all t G [t,T] with r € (0, T), it holds that 

rt 

/R 2 J T Jr 2 

where E = E(\ , n ) = j* R2 e(v , n )dx. 
Proof: Multiplying (1.1) i with Av, we have 



/ |V 2 n(-,t)| 2 + |Vv| 2 (-,t)(ix+ /* / \V 3 n(;s)\ 2 + \V 2 v\ 2 (;s)dxds<C(e 1 ,E ,T,T,^), 

JR 2 Jr JR 2 R Z 



1 d r iv7„i2^ , 7 



Vv| z dx + / |Av| 2 (ix 



Note that 

1-7 



2 eft Jr2 i?e Jr2 

= / (v ■ V)v ■ Avcfe - [ (V • a E ) ■ Avdx - ^—^ f (V • a L ) ■ Avdx 

7r2 V ' Re i R 2 V 1 Re Jn 2 

I \Av\ 2 dx + C [ W-Vv\ 2 dx + C [ (|V 2 n| 2 + |Vn| 4 )|Vn| 2 da; 

JR 2 JR 2 Jn 2 

[ (V • <r L ) ■ Avdx. (4.12) 

JR 2 



< I \Av\' z dx + C 

4 Re Jn 2 

1-7 



Re Jn 2 
1-7 

Re 7r2 
1-7 



/ (V • a L ) • Avdx 

J R 2 

/ a L : A(D + fydx 
Jn 2 

/ [«i(nn : D)nn : AD + (a 2 + a 3 )nN : AD + (a 2 - a 3 )nN : Ail 
Jr 2 



Re 

+a 4 D : AD + (a 5 + a 6 )(nn • D) : AD + (a 5 - a 6 )(nn • D) : A£i\dx. 
Obviously, we have 

ai / (nn : D)nn : ADdx < -«i / Inn : VD\ 2 dx + C |Vn[|Vv||V 2 v|dx, 
Jr 2 Jr 2 Jr 2 

f (nn • D) : ADdx < — f (VD • n)\ 2 dx + C [ [Vn| |Vv| \V 2 v\dx. 
Jr 2 Jr 2 Jr 2 

Moreover, recall that 71 = 03 — a 2 and 72 = a§ — Q5 = a 3 + «2, hence by (1.1)3 and the 
anti-symmetric property of Ail we get 



- / 71 (nN : AO) + 72 (nn • D) : AOcfe 
iR 2 

= - / n • (-h + 71N + 72D • n + h) : Afldx = [ h (AO • n)dx. 

JR. 2 JR. 2 
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Using (1.1)3 again, we obtain 

72 / nN : ADdx 

Jr 2 

= ^ / (AD • n) • (n x (h x n))dx - ^ / (AD • n) • (n x ((D • n) x n))d 
7l JR 2 7l -/R 2 

< — / (AD • n) • (n x (h x n))dx -—I (AD • n) • (D • n))dx 
7l JR 2 7l ^R 2 

+ ll f (AD • n) • ((D • n) • nn)dx 

71 Jr 2 

<— f (AD-n)-(nx (hxn))dx+^ / (|VD • n| 2 - |n*VD; 7 - • n j \ 2 )dx 
7l JR 2 7l -^R 2 



7i JR 2 7i 

+C [ |Vn||Vv||V 2 v|dx 
Jr 2 

Thus, combining the above estimates and applying Remark 2.2, we get 
1 d 



/ \Vv\ 2 dx + 4- ( |Av| 2 dx 
2 rft 7 R 2 1 1 2i?e i R 2 1 1 

< C [ (|V 2 n| 2 + |Vv| 2 + |Vn| 4 )(|Vn| 2 + |v| 2 )dx 
Jr 2 

+ ^—^[ h- (An-n)dx- — -^^2 / (n x (h x n)) • (AD • n)dx 

(4.13) 

On the other hand, we can differentiate (1.9), multiply it by V/jh, and we get 
d f 

— / a|An| 2 + (ki - a)|Vdivn| 2 + (k 2 - a)|V(n x curln)| 2 + (k 3 - a)|V(n • curln)| 2 dx 
at Jr2 

- f [(V/3V • V)n* + (v • V)V^n*] • V^dx 

< / V«(n • n) • Vphdx -ml Vfl(n x (h x n)) • V/jhdx 
iR 2 Jr 2 

-H2 [ V/j(n x ((D • n) x n)) • V^hdx + f 5\Vti t \ 2 + C(5)(\V 2 n\ 2 + |Vn| 4 )|Vn| 2 dx 
= B 6 + B 7 + B 8 + f <5|Vn t | 2 + C(S)(|V 2 n| 2 + |Vn| 4 )|Vn| 2 dx, (4.14) 

JR 2 

where 5 > 0, to be decided later. 
Direct calculation shows 

B 6 = - ( (AQ ■ n) ■ hdx - [ (A(Q ■ n) - AO, ■ n) ■ hcix 

JR 2 JR 2 

< - / h-(Aft-n)dx+ / (|Vv||Vn||Vh| + |h||V 2 v||Vn|)dx. (4.15) 

JR 2 JR 2 

Note the fact that |n • V^Anj < C|Vn||V 2 n|, and similar estimates to (4.8) for B7 imply 
B 7 <-maf |V 3 n| 2 + c/ |Vn| 2 (|V 2 n| 2 + |Vn| 4 )dx. (4.16) 

JR 2 JR 2 
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At last, we estimate B$. 

B 8 = -H2 f {(V^n x ((D • n) x n)) • V^h + (n x ((D • n) x V^n)) • V^h 

+(n x ((D • V^n) x n)) • Vphjdx - /x 2 / (n x ((V^D • n) x n)) • V phdx 

JR 2 

< C |Vv||Vn||Vh|dx + fi 2 / n x ((AD • n) x n) • hdx 

J a 2 Jn 2 

+V2 I {(V^n x ((V^D • n) x n)) + (n x ((V^D • V^n) x n)) 
jR 2 

+(n x ((VpD • n) x V^n))} • hdx 

< c[ |Vv||Vn||Vh| + |Vn||V 2 v||h|dx + ^ 2 / ((AD • n) • (n x (h x n))dx. 

JR 2 JR? 

(4.17) 

The definition of h and (1.9) tell us that 

-n-An=|Vn| 2 , |h| < C(|Vn| 2 + |V 2 n|), 

|Vh| < C(|Vn[ 3 + |V 2 n||Vn| + |V 3 n|), (4.18) 

and 

|Vm| 2 < max{l, | /U 2 1 } ( I V 3 n | 2 + |V 2 v| 2 ) + C(|v| 2 + |Vn| 2 )(|Vv| 2 + |V 2 n| 2 ). (4.19) 

Hence combining these estimates from (4.13) to (4.19) and choosing 5 = 2 +2|/T/|+2|^2| ' ^ 
Gagliardo-Sobolev inequlity we obtain 



H W ^—^\ 2 + a\An\"dx+[ — ^— |V 2 v| 2 + ^i|V 3 n| 2 dx 
dt Jn 2 2(1-7) Jn 2 4(1-7) 4 

+~T / ~ a)|Vdivn| 2 + (k 2 - a)|V(n x curln)| 2 + (k 3 - a)|V(n • curln)| 2 dx 

dt JR2 

< C [ (|v| 2 + |Vn| 2 )(|Vv| 2 + |V 2 n| 2 )dx, 

JR 2 

<C(f (|v| 4 + |Vn| 4 )dx) 1/2 ( / (|Vv| 4 + |V 2 n| 4 )dx) 1/2 
J a 2 Jn 2 

< mm{^-^, ^} / |V 2 v| 2 + |V 3 n| 2 <ix 

8(1 - 7) 8 Jn 2 

+C([ (|v| 4 + |Vn| 4 )dx)( / (|Vv| 2 + |V 2 n| 2 )dx) 

JR 2 JR 2 



Due to (4.3), we know that for r G (0,T) there exists a r' G (0, r) such that /r2(|Vv| 2 + 
|V 2 n| 2 )(-, r')dx < C(t, Eq, j^). Then the required inequality follows from GronwalPs in- 
equality, (4.3) and (4.4); see also, [9, Lemma 3.4]. 

Similar computations to Lemma 4.4, we may obtain higher regularity for (v,n) of (1.1). 

Lemma 4.5. Assume that the Leslie coefficients satisfy (1.6)-(1.8). Let (v, n) be a solution 
of (1.1) with the initial value (vo, no) G L? xH^H 2 , S 2 ) and divvo = 0. There are constants 
e\ and Rq > such that 

esssup 0<t<T eR2 / |Vn(-,t)| 2 + |v| 2 (-,t)dx < ei, Vi?G(0, J R ]- 

JB R (x) 
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Then, for all t G [t,T] with r € (0, T), it holds that 

J |V 3 n(-,t)| 2 + |V 2 v| 2 (-,t)<i* + J* J \V 4 n(;s)\ 2 + \V 3 v\ 2 (; S )dxds < C(e lt E , r, T, ). 
Proof: Since |Vn| 2 = |n • An| < |V 2 n|. Multiplying (l.l)i with A 2 v, we have 
l± / |v 2 v| 2 dx + ^ / \VAv\ 2 dx 

= - f (v V) v A 2 vdx + ^—^ f ( V • a E ) ■ A 2 vdx + — 1 [ (V • a L ) ■ A 2 vdx 
Jn 2 Re Jn 2 Re Jn 2 

<-— I \VAv\ 2 dx + C [ |V(v- Vv)\ 2 dx+ — 1 [ (V • a L ) ■ A 2 vdx 
4 Re Jn 2 7r2 i?e 7r2 

+C [ (|V 3 n| 2 |Vn| 2 + |V 2 n| 4 )dx. (4.20) 

JR2 

As the above lemma, we also have 
1-7 



Re 

1-7 



/ (V • a L ) ■ A 2 vdx 

JR 2 

/ a L : A 2 CD + n)dx 
Jn 2 

/ [«i(nn : D)nn : A 2 D + (a 2 + a 3 )nN : A 2 D + (a 2 - a 3 )nN : A s 

JR 2 



-Re 7r2 
1-7 



+a 4 D : A 2 D + (a 5 + a 6 )(nn • D) : A 2 D + (a 5 - a 6 )(nn • D) : A 2 ft]cix, 



while 



and 



-ai / (nn : D)nn : A 2 Ddx 

JR 2 

< -ai / |nn : AD| 2 dx + C / |Vn| 2 |Vv| | V 3 v| + |V 2 v||V 3 v||Vn|dx, 

JR 2 7R2 

- / (nn D) : A 2 Ddx 
Jn 2 

<-/ |(AD-n)| 2 dr + C / |V 2 n||Vv||V 3 v| + |V 2 v[|V 3 v||Vn|da;. 

JR 2 JR 2 

Moreover, by (1.1)3 and the anti-symmetric property of AQ we get 

/ 7i(nN : A 2 ft) + 72 (nn • D) : A 2 Qdx 
Jn 2 

= [ n-A 2 f]-(-h + 7iN + 7 2 D-n + h)dx= / n • A 2 n ■ hdx. 
J a 2 Jr 2 
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Using (1.1)3 again, we obtain 



-72 / nN : A 2 ~Ddx 
Jr 2 

<-— f (A 2 D • n) • (n x (h x n))dx + — / (A 2 D • n) • (D • n))dx 
7l JR 2 7l JR 2 

2 r 

-Jl / (A 2 D • n) • ((D • n) • nn)dx 

71 Jr 2 

< J 2 (AD • n) • (n x (Ah x n))dx - ^ / 2 (I AD ' n | 2 ~ l n * AD ij ■ n j \ 2 )da 
+C [ |V 3 v|(|V 2 n||Vv| + |V 2 n| 2 + |V 2 v||Vn| + |V 3 n||Vn|)dx 

JR 2 

Thus, combining the above estimates and applying Remark 2.2, we get 

~ / \V 2 v\ 2 dx + -L- [ |VAv| 2 dx 
2 dt Jn 2 2Re Jn 2 

<C [ |Vv| 4 + |V 2 n[ 4 dx + C [ (|V 3 n| 2 + |V 2 v| 2 )(|Vn| 2 + |v| 2 )dx 
Jr 2 Jr 2 



ir 2 Jr 2 

[ n- Aft- Ahdx+^-^-u 2 f (n x (Ah x n)) • (AD • n)dx 
Re J R 2 Re Jn 2 



(4.21) 

On the other hand, we can differentiate to (1.9), multiply it by V^Ah, and we get 

4- ( a|VAn| 2 + (fei - a)|Adivn| 2 + (k 2 - a)|A(n x curln)| 2 + (k 3 - a)|A(n • curln)| 2 <ix 
dt Jn 2 

+ / [(VflV • V)n* + (v • V)V«n*] • V/jAVdx 
Jr 2 

- ~ / 2 V/3 ^ ' n ) ' V /? Ahdx + A*i y 2 v /?( n x (h x n)) • V^Ahdx 

+^2/ Vs(n x ((D • n) x n)) • V A\idx 
Jr 2 

+5 I \V 2 n t \ 2 + C{5) [ (|V 2 n| 4 + |V 3 n| 2 |Vn| 2 + |V 2 n| 2 |Vn| 4 )dx 

JR 2 JR 2 

= B' 6 + B' 7 + B' 8 + 5 [ \V 2 n t \ 2 + C{5) [ (|V 2 n| 4 + |V 3 n| 2 |Vn| 2 + | V 2 n| 2 |Vn| 4 )dx, 
Jr 2 Jr 2 



(4.22) 



where S > 0, to be decided later. 

Since |Ah| < C(|V 4 n| + |V 3 n||Vn| + |V 2 n| 2 ), then direct calculation shows 



I ^ 2 [( V /3V • V)n* + (v • V)V /3 n J ] • V p Ah i dx\ 

< — am ( \V 4 n\ 2 dx + C [ |Vv| 4 + |V 2 n| 4 dx 
16 Jr2 Jb.2 

+C [ (|V 3 n| 2 +|V 2 v| 2 )(|Vn| 2 + |v| 2 )dx, (4.23) 
Jr 2 
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and 



Be 



' 6 = f (An ■ n) • Ahdx + / (A(fi • n) - An • n) • Ahdx 
Jr 2 Jr 2 

< f Ah • (An ■ n)dx + —am I |V 4 n| 2 dx 
Jr 2 Id Jr 2 

+C / |Vv| 4 + |V 2 n| 4 dx + C ( (|V 3 n| 2 + | V 2 v| 2 )(|Vn| 2 + |v| 2 )d 

JR 2 JR 2 



X 

(4.24) 



Note the fact that |n- A 2 n| < C(|Vn||V 3 n| + |V 2 n| 2 ), and similar estimates to (4.8) for B' 7 
imply 



B' 7 <-maf |V 4 n| 2 + c/ (|Vn| 2 |V 3 n| 2 + |V 2 n| 4 )cix. (4.25) 
Jr 2 Jr 2 

At last, we estimate B' s . 

B' 8 = vbj {(Vpn x ((D-n) x n)) • V^Ah+ (n x ((D ■ n) x V^n)) • V^Ah 

+ (n x ((D • V^n) x n)) • V^Ahjdx + fi 2 J (n x ((V^D • n) x n)) • V^Ahdx 

< — am I \V A n\ 2 dx + C [ |Vv| 4 + |V 2 n| 4 dx 

16 JR2 JR2 

+C [ (|V 3 n| 2 + |V 2 v| 2 )(|Vn| 2 + |v| 2 )cix 

JR 2 

-H2 / n x ((AD • n) x n) • Ahdx - /x 2 / (n x ((V«D • n) x Van)) • Ahdx 
Jr 2 Jr 2 

-M2 / {(Van x ((V«D • n) x n)) + (n x ((V*D • V^n) x n))}Ahdx 

JR 2 

< -hi I ((AD • n) ■ (n x (Ah x n))dx + -am [ |V 4 n| 2 dx 

JR 2 8 JR 2 

+C [ |Vv| 4 + |V 2 n| 4 dx + C [ (|V 3 n| 2 + | V 2 v| 2 )(| Vn| 2 + |v| 2 )dx 
JR 2 JR 2 



(4.26) 



The definition of h and (1.9) tell us that 



|V 2 ni | 2 < max{l> 1 |> 2 |}(|V 4 n| 2 + |V 3 v| 2 ) + C , |V 2 v| 2 |Vn| 2 

+C|V 2 n| 2 (|Vv| 2 + |V 2 n| 2 ). (4.27) 
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Hence combining these estimates from (4.21) to (4.27) and choosing S small enough, by 
Gagliardo-Sobolev inequlity we obtain 

if ^T^|V 2 v| 2 + a|VAn| 2 ^+ f ^_|V 3 v| 2 + ^i|V 4 n| 2 d* 
dt 7r2 2(1 - 7) 7r2 4(1 - 7) 4 1 

+-T / ( k i ~ a)|Adivn| 2 + (k 2 - a)|A(n x curln)| 2 + (k 3 - a)|A(n • curln)| 2 (ia; 
at Jn 2 

< C [ |Vv| 4 + |V 2 n| 4 cfe + C [ (|V 3 n| 2 + |V 2 v| 2 )(|Vn| 2 + \v\ 2 )dx, 

JR 2 JR2 

<C([ ([v| 4 + |Vn| 4 )dx) 1/2 ( / ([V 2 v| 4 + |V 3 n| 4 )dx) 1/2 + C / |Vv| 4 + |V 2 n| 4 dx 

JR 2 JR2 JR2 

< min{— 1 ^1} / |V 3 v| 2 + |V 4 n| 2 dx 

8(1 - 7) 8 Jr2 

+C I (|v| 4 + |Vn| 4 + |Vv| 2 + \V 2 n\ 2 )dx [ (|V 2 v| 2 + |V 3 n| 2 )dx 

JR 2 JR2 

Then the required inequality follows from Gronwall's inequality, (4.3), (4.4) and Lemma 
4.4. 

Similar computations as the above two lemmas, we may obtain interior regularity for 
(v,n) of (1.1). 

Corollary 4.6. Assume that the Leslie coefficients satisfy (1.6)-(1.8). Let (v,n) be a 
solution of (1.1) with the initial value (vo,no) £ L 2 x ^(IR 2 ,^ 2 ) and divvo = 0. There 
are constants ei and Ro > such that 

esssup 0<t<T eR2 / |Vn(-,t)| 2 + \v\ 2 {-,t)dx < e lt Vi?G(0,i? o ]- 

JB R (x) 

Then, for all t G [r, T] with r € (0, T), for any I > 1 it holds that 

I \V +1 n{-,t)\ 2 + \Vv\ 2 (-,t)dx + f [ |V' +2 n(-,s)| 2 + \V +1 v\ 2 {-,s)dxds 

JR 2 Jt JB? 

<C(l,e u E ,r,T,^). (4.28) 
Moreover, n and v are regular for all t € (0, T). 
Proof: The proof is divided into four steps. 

Step 1. For I = 1,2, by Lemma 4.4 and 4.5 we know that (4.28) holds. For / = 3, 
similar arguments as in Lemma 4.5, it's not difficult to obtain (4.28). Now we assume that 
for lo > 3, the estimate (4.28) holds, and we prove that the case I = lo + 1 is still true. 

Step 2. Firstly, we prove the case that Iq is odd, i.e. for I = 1, ■ ■ ■ , 2k — 1 and k > 2, 
(4.28) holds, and we are aimed to obtain the case I = 2k. Especially, by the assumptions 
and Sobolev inequality we have the following estimates: 

|Vn| + |V 2 n| + |v| + |Vv| < C^, E ,t,T, in R 2 x (r, T), (4.29) 

and for any t G (r, T) , 

( \V 2k n(-,t)\ 2 + \V 2k -\\ 2 {.,t)dx+ /*/ |V 2fe+1 n(-, S )| 2 + |V 2fc v| 2 (., S )d^ 

JR 2 Jt JB? 

<C(k,e 1 ,E ,r,T,^), (4.30) 
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which implies that 

|V 2fc " 2 n| + |V 2fc " 3 v| <C(k, ei ,Eo, r,T,^), in R 2 x (r, T). (4.31) 

As the process in Lemma 4.5, multiplying (l.l)i with A 2fc v, we have 

l± f \V 2k v\ 2 dx + / \VA k v\ 2 dx 
2 dt i R2 1 1 Re i R 2 1 1 

= - / (v ■ V)v ■ A 2k vdx + 1^ / (V • a E ) ■ A 2k vdx + ^—^ [ (V • a L ) • A 2fe vdx 
Jr 2 Re 7r2 Re Jn 2 

<\tt ! \VA k v\ 2 dx + C [ |V 2fc - 1 (v-Vv)| 2 dx+^^ / (V • ^ • A 2/c vcfe 
+C [ \V 2k a E \ 2 dx. (4.32) 

JR 2 

Recall that the form of a £ is like Vn ® Vn + Vn <g> Vn ® n ® n, hence by (4.29)-(4.31) we 
have 

/ \V 2k a E \ 2 dx < C(fe,ei, E , r,T,-^)( / | V 2fc+1 n| 2 dx + l) ; 
Jr 2 # 2 Jr 2 

similarly, 

| V 2 *- 1 (v • Vv) | 2 dx < C(fc, €i,Eq,t, T, Jp)( J r2 \V 2k v\ 2 dx + 1) . 



/ {V ■ a L ) ■ A 2k vdx 

JR 2 

/ bi(nn : D)nn : A 2fc D + (a 2 + a 3 )nN : A 2fc D + (a 2 - a 3 )nN : A 2k n 

JR 2 



Note that 

1-7 
i?e 7r2 
1-7 

+a 4 D : A 2fe D + (a 5 + a 6 )(nn • D) : A 2fc D + (a 5 - a 6 )(nn • D) : A 2fc O]dx. 
By (4.29)-(4.31), we get 

-qi / (nn : D)nn : A 2k Ddx 

JR 2 

< -qi / |nn:A fc D|dz + 5 f \V 2k+1 w\ 2 dx + C(5,k,e u E 0l T,T,^)( f |V 2fc v| 2 dx + 1), 
where S > 0, to be decided. Moreover, 

- / (nn • D) : A 2k T>dx 

JR 2 

<-/ \(A k -D-n)\ 2 dx + 5 I \V 2k+1 v\ 2 dx + C(5,k,e 1 ,E ,T,T,^)([ \V 2k w\ 2 dx + 1). 
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Since formally h is V 2 n + V 2 n <g> n <g> n + Vn <g> Vn (g> n, by (1.1)3, the anti-symmetric 
property of A k 0, and (4.29)-(4.31) we get 

/ 71 (nN : A 2k ty + 72 (nn • D) : A 2k Qdx 
Jr 2 

= [ n-A 2/c O-(-h + 7iN + 72 D-n + h)dx= / n • A 2k fl ■ hdx 
Jr 2 Jr 2 

<[ n A k n- A k hdx + S f \V 2k+1 v\ 2 dx 
Jn 2 Jr 2 

+C(S, k, e u Eo, r, T, ^ )( / \V 2k+1 n\ 2 dx + 1). 
R z Jn 2 

Using (1.1)3 again, similarly we obtain 

-72 / nN : A 2k Udx 
JR 2 

<-— f (A a D.n).(nx(hxn))& + ^/ (A 2fe D • n) • (D • n))dx 
7l ^R 2 7l JR 2 

_72 r (A 2fc D . n) . ((D . n) . nn ^ dx 

7l "'R 2 

<-— I (A fc D • n) • (n x (A fe h x n))dx + ^ [ (|A fe D • n| 2 - |n i A fc D i7 -n J '| 2 )dx 
7i Jn 2 7i -m 2 

+5/ |V 2fc+1 v| 2 dx + C(<5,A : ,ei, J Bo,r,T,^)(/ \V 2k v\ 2 dx+[ \V 2k+1 n\ 2 dx + 1). 
Jr 2 it 2 Jr 2 Jr 2 



r 

/r 2 ' R 2 Jr 2 ' Jn 2 

Thus, combining the above estimates and applying Remark 2.2, we get 

1 d f ,r,2k._i2.,_ , 7 



11/ |V 2fc v| 2 (ix + 4" / !VA fc v| 2 dx 
2 (it Jn 2 2Re Jr2 1 1 

<i^/ n- A fc 0- A fc hdx + i^^ 2 / (n x (A fc h x n)) • (A fc D • n)dx 
Re Jn 2 Re Jr 2 

+6 L 2 \ v2k+lv \ 2dx + C ( 5 > k > e ^ E o>^ T >§2)(f n2 \^ 2k v\ 2 dx + |V 2fe+1 n| 2 dx + l). 



(4.33) 

Differentiate V/j to (1.9), multiply it by VpA 2 *' 1 ^ and by (4.29)-(4.31) we get 
d_ 

dt Jn 2 
d 



■ ( a|VA fe n| 2 + (kx - a)|A fe divn| 2 + (k 2 - a)\A k (n x curln)| 2 
Jr 2 

+j t J (k 3 - a)\A k (n • curln)| 2 da; + f [(Vpv ■ V)n* + (v • V)V^n*] • VpA^Wdx 
- ~ j 2 ' n ^ ' v P A2k ~ lhdx + Mi / 2 V0(n x (h x n)) • V j gA 2fc_1 hdx 

+/x 2 / V^(n x ((D • n) x n)) • VpA^hdx 
Jr 2 

+5 f |V 2 %| 2 + C(<5,^ ei ,£ ,T,T,-^)(/ |V 2fc+1 n| 2 dx + 1) 
Jr 2 R Jr 2 



= B 6 



>> + B» + B» + s[ |V 2fc n i | 2 + C( ( 5,A;, ei , J E ,T,r,-2)(/ \V 2k+1 n\ 2 dx + 1) 
jr 2 R z Jr 2 

(4.34) 
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Using (4.29)-(4.31) again, direct calculation shows 
| J a [(V£V • V)n l + (v • V)V^n*] • V^ 2k - 1 h i dx\ 

<S [ |V 2fe+2 n| 2 dx + C(<5,fc,ei,£ ,T,T,-^)(/ \V 2k v\ 2 dx + / |V 2fc+1 n| 2 dx + 1), 

(4.35) 

and 



'1=1 (AQ ■ n) • A^hdx + / (A(fl • n) - Afi • n) • A 2fc - 1 hds 

JR 2 JR 2 

< / A fc h • (A k n ■ n)dx + 5 [ |V 2fc+2 n| 

JR 2 JR2 



{2 dx 



+C{5,k,e 1 ,E ,T,T,^)([ \V 2k v\ 2 dx + [ \ V 2k+1 n\ 2 dx + 1) (4.36) 

it Z JR2 JR2 

By (4.31) and the fact |n| = 1, we remark that 

|n • A fc+1 n| < C(k,e u Eo,T,T, -^)(|V 2fe+1 n| + |V 2fc n| + IV 2 *" 1 ^), 
and similar estimates for B" as in (4.8) imply that 

B!l<-ma[ |V 2fc+2 n| 2 + C(fc,ei, J B ,r,T,^)(/ |V 2fe+1 n| 2 <ix + 1). (4.37) 

JR 2 R z JR2 

At last, we estimate . Noting the bound of A fc h, we get 

B's = M2 / {(V/^n x ((D • n) x n)) • V^A^h + (n x ((D • n) x V/jn)) • V^A 2 *"^ 

+ (n x ((D • V^n) x n)) • V j8 A 2fc - 1 h}da; + /x 2 / (n x ((V^D • n) x n)) • V^A 2fe_1 hdx 

< 5 ( |V 2fc+2 n| 2 dx + C(<5,^ei,£ ,r,T,-^)(/ \V 2k v\ 2 dx + 1) 

JR 2 R Z JR 2 

-H2 I V^A fc_1 (n x ((V^D • n) x n)) • A k Yidx 

JR 2 

< -fi 2 I ((A fe D • n) • (n x (A fe h x n))dx + 25 [ \V 2k+2 n\ 2 dx 

JR 2 JR2 

+C(6, k, €!,Eo, r, T, ^)(f | V 2fc v| 2 dx + 1). (4.38) 

Hence combining these estimates from (4.33) to (4.38) and choosing 5 small enough, we 
obtain 

d f Re 



dx 



*[ _^|v 2fc v| 2 + a|V 2fc+1 n| 2 (ix+ / _^-_|V 2fc+1 v| 2 + ^i|V 2fc+2 n| 2 
dt 7r2 2(1 - 7) 7 R2 4(1 - 7) 4 1 

d f 

+~T / ~ a)|A fc divn| 2 + (k 2 - a)|A fe (n x curln)| 2 + (fc 3 - a)|A fc (n • curln)| 2 «ix 

dt JR2 

<C(k,e u E ,T,T,^)([ \V 2k v\ 2 dx+ [ \V 2k+1 n\ 2 dx + l) 
R A JR 2 JR 2 

which implies (4.28) for I = 2k by Gronwall's inequality. 

Step 3. Secondly, the case that Iq is even may be obtained by the same step as above. 
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Step 4. By arbitrarily of r, the estimates in Step 2. and 3., we have for any I > 1 and 
(x,t) G R 2 x (0,T) 

|V'n|(a:,i) + \V l v\(x,t) < oo, 

which yields that v, n are spatially smooth. Using the equation (1.1), v t , n t are also spatially 
smooth, and differentiating to the time t, hence we finally obtain v, n are smooth in 1R 2 x 
(0,T). 

4.2. Global existence. Now we'll complete the proof of Theorem 1.2. Indeed it's more or 
less standard since the local monotonic inequality , e-regularity estimates in Section 4 and 
local existence of strong solutions for some regular data in Section 3 have been obtained. 
The following arguments are similar to [18] and [16], where the main difference is dealing 
with the Leslie coefficients, and we sketch its proof. 

Let E(t) = E(v,n)(t) = J R2 e(v, n)(-, t)dx denote the energy of (v, n) at time t . For 
any data no G H^tJR 2 ; S 2 ), one can approximate it by a sequence of smooth maps nQ in 
Hl(H 2 ;S 2 ), and we can assume that ng G H£{H 2 ;S 2 ) (see [19]). For v G L 2 (R 2 ;1R 2 ), 
there exists a sequence of Vq G Cfi°(H 2 ;1R 2 ) and Vq ->■ v in L 2 (R 2 ;1R 2 ). 

Due to the absolute continuity property of the integral, for any ei > 0, there exists Rq > 
such that 

sup / |Vn | 2 + |v | 2 dx < ei, 

and by the strong convergence of ng and v§ 

sup f |Vng| 2 + \v%\ 2 dx < 2ei, 
xgR 2 Jb Ro {x) 

for k is large enough. Without loss of generality, we assume that it holds for all k > 1. 

For the data n^ and Vq, by Theorem 1.1 there exists a time T k and a strong solution 
(n fc ,v fc ) with the pressure p k such that 

v k G c([0,T fc ];tf 4 (]R 2 )) r\L 2 (0,T;H 5 (H 2 )),Vn k G C ([0, T k }; H 4 (TR 2 )) . 
Hence there exists T fc < T k such that 

sup / \Vn k (y,t)\ 2 + \v k (y,t)\ 2 dy < 4ei, 

0<t<T^,xeR 2 JB R {x) 

where R < Rq/2. However, by the local monotonic inequality in Lemma 4.3, we have 

e 2 R 2 

Tn > = Tq > uniformly. For any < r < T , by the estimates in Corollary 4.6 for 

any I > 1 we get 

sup / \X7 l+1 n k \ 2 (-,t) + \V l v k \ 2 (-,t)dx+ [ T ° ( \V l+2 n k (-,s)\ 2 + \V l+1 v k \ 2 (-,s)dxds 

T<t<T JR 2 Jt Jr 2 

KC&euEo^T,^). (4.39) 

Moreover, the energy inequality in Proposition 2.1, a priori estimates in Lemma 4.2 and 
the equations of the direction fields yield that 

E(v k ,n k )(t)<E , 
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and 

/ (|VV| 2 + |Vv /c | 2 + |5 t n fe | 2 + |Vn fc | 4 + |v fc | 4 )dx^<C , (ei,C 2 ,^o)- (4.40) 

JR 2 x[0,T fc ] 

Now we estimate the pressure term of the velocity equations. In the distributional sense, 

Ap k = -V 2 (v fc ® v fc - ^TpV), 

Re 

hence by Calderon-Zygmund estimates, we get 

\\P k \\l*(K?x[V,T*]) < Clll^l 2 + l Vn T + l Vv "l + l^ n "Hli 2 ( R2 x[0,^]) 

< C(ei,C 2 ,^). (4.41) 
At last, we estimate the term d t w k . For any G Cq°(R 2 x (0,T fc );R 2 ), 

/ ° / d t v k <j>dxdt 
Jo Jr 2 

= f ° I (v fc ® v fc - -^Vv fc - ^-^<7 fc ) : V</> + p k dw(f>dxdt 
Jo Jr 2 Re Re 

< C|||v fc | 2 + |Vn fc | 2 + |Vv fc | + \p k \ + |^n fe ||| 2 2(R2x[OiT , D ||0|| L? ^ 
<C{e u C 2 )E4ct>\\ qHl , 
that is, for any k > 1, 

ll^v fe || L2(0)T(f; ^ 1(R2)) < C(ei,C 2 ,^). (4.42) 

Hence the above estimates (4.39)-(4.42) and Aubin-Lions Lemma yield that there exist 
a solution (v, n - ft) G W 2 1,0 (1R 2 x [0,T ];1R 2 ) x W 2 2,1 (]R 2 x [0,T ];1R 3 ) with the pressure p 
such that (at most up to s subsequence) 

v fe -»• v, locally in W 2 2,1 (K. 2 x (0,T );1R 2 ); 

n fc - 6 -> n - 6, locally in W 2 3,1 (]R 2 x (0, T ); R 3 ); 

n fc -> n, in L°°(R 2 x (0,T );R 3 ); 

v fc v, in W 2 1,0 (]R 2 x [0,T ];R 2 ); 

n fc -ft^n-ft, in W 2 2,1 (Il 2 x [0, T ]; R 3 ); 

p fc -p, in L 2 (R 2 x [0,T ];R); 

v fc (t)^v(t), in # 2 (R 2 ;R 2 ) for o.e. t G (r,T ); 

n fc (i) - 6 -a n (t) - 6, in # 3 (R 2 ;R 3 ) for o.e. tG(r,T ). 

By (4.40) and (4.42), (v(t), Vn(t)) (v ,Vn ) weakly in L 2 (R 2 ), thus 

£(v ,n ) <liminf£(v(i),n(i)) 
t— >o 

On the other hand, by the energy estimates of (v fe , n fc ), we have 

.E(vo,no) > limsupi£(v(i), n(i)). 

Hence, (v(t),Vn(i)) — > (vo,Vno) strongly in L 2 (R 2 ) and (v, n) is the solution of the 
equations (1.1) with the indicated data (vo,no). From the weak limit of regular estimates 
(4.39), we know that (v, n) G C°°(R 2 x (0,T ]), and (V'v, V m n)(-, T ) G L 2 (R 2 ) for any 
I > 1. By Theorem 1.1, there exists a unique smooth solution of (1.1) with the initial data 
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(v, n)(-, To), which is still written as (v, n), and blow-up criterion yields that if (v, n) blows 
up at time T*, then 

j|V x v||x,oo( R 2)(t) + ||Vn||| 00 ( R2 )(t) ->■ oo, as t->T*, 

as a result, 

|V 4 n|(x,i) + |V 3 v|(x,t) G* Lf>L 2 x {{T Q ,T*) x R 2 ) (4.43) 
We assume that T\ is the first singular time of (v, n), then we have 

(v,n) G C°°(1R 2 x (0,Ti);lR 2 x S 2 ), and (v, n) G" C°°(1R 2 x (0, T{\; R 2 x S 2 ); 
and by Corollary 4.6 and (4.43), 

limsupmax/ (|v| 2 + |Vn| 2 )(-, t) > e 1: Vi? > 0. 

tfZi ieR 2 Jb r (x) 

Finally, we can prove that (v, n — b) G C°([0, T\], L 2 (R 2 )) by similar arguments as (4.42) 
(also see P330, [16]). Hence, we can define 

(v(T 1 ),n(T 1 )-6) = lim(v(t),n(*)-6) in L 2 (R 2 ). 

rp/i 

On the other hand, by the energy inequality Vn G L°°(0, Ti; L 2 (R 2 )), hence Vn(t) — 
Vn(Ti). Similarly we can extend T\ to T2 and so on. It's easy to check that the energy 
loss at every singular time Tj for i > 1 is at least ei, thus the number of the singular time 
is finite as L, and for 1 < i < L we have 

limsupmax/ (|v| 2 + |Vn| 2 )(-, t) > e x , Vi? > 0. 
The proof is complete. 

Remark 4.7. Formally, if the Leslie coefficients a±, ■ ■ ■ ,ag, £1 and D vanish in (1.1), then 
we arrive at the Oseen-Frank model as in [9], and all the computations and arguments above 
also work, which seem to be more simple. 
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